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Abstract 
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' The countably infinite number of Virasoro representations of the logarithmic minimal model CAi{p,p') 
Q ■ can be reorganized into a finite number of W-representations with respect to the extended Virasoro 
ly-^ , algebra symmetry W. Using a lattice implementation of fusion, we recently determined the fusion 
algebra of these representations and found that it closes, albeit without an identity for p > 1. Here, 
we provide a fusion-matrix realization of this fusion algebra and identify a fusion ring isomorphic 
to it. We also consider various extensions of it and quotients thereof, and introduce and analyze 
Qh| commutative diagrams with morphisms between the involved fusion algebras and the corresponding 
^ ■ quotient polynomial fusion rings. One particular extension is reminiscent of the fundamental fusion 
algebra of CA4{p,p') and offers a natural way of introducing the missing identity for p > 1. Working out 
explicit fusion matrices is facilitated by a further enlargement based on a pair of mutual Moore-Penrose 
' inverses intertwining between the W-fundamental and enlarged fusion algebras. 

o ■ 
o 

1 Introduction 

(N 

■ The fusion algebras of the infinite series of logarithmic minimal models CA4{p,p'), introduced in [l], 
Q , are discussed in [21 [3]. In these works, it is found that closure of the fundamental fusion algebra 
of CA4{p,p') requires an infinite set of indecomposable representations of rank 1, 2 or 3. The ones 
ij ■ of rank 1 are so-called Kac representations of which some, but in general only some, are irreducible 
. (highest-weight) representations. The fundamental fusion algebra ((2, 1), (l,2))py is so named since it 
I is generated from the two fundamental Kac representations (2, 1) and (1, 2). A fusion-matrix realization 
of this fusion algebra is presented in [4] along with a quotient polynomial fusion ring isomorphic with 
it. This extends part of Gepner's work [5] on rational conformal field theories to a class of irrational 
conformal field theories, the latter being the series of logarithmic minimal models. Both the matrix 
realizations and the fusion rings in [4] are described in terms of Chebyshev polynomials. 

A central question of much current interest [6l [7] is whether an extended symmetry algebra W [8] 
exists for logarithmic conformal field theories [9] like the logarithmic minimal models. Such a symmetry 
should allow the countably infinite number of Virasoro representations to be reorganized into a finite 
number of W-extended representations closing under fusion. In the case of the logarithmic minimal 
models £.Ai{l,p'), the existence of such an extended W-symmetry and the associated fusion rules are 
by now well established [71 [ini flT] . 

The extension to p > 1, however, proved itself rather difficult. A significant breakthrough came 
with the works |121 [T3] which strongly indicate the existence of a Wpy symmetry algebra for general 
augmented minimal models, but offer only very limited insight into the associated fusion algebras. 
Recently, a detailed description of these fusion algebras has been provided in [T^, In these papers. 



we generalized the approach of [11] using a strip-lattice implementation of fusion to obtain the fusion 
rules of the entire series of logarithmic minimal models in the W-extended picture. Contrary to the 
situation in the Virasoro picture, there is in general (for p > 1) no identity nor a pair of W-fundamental 
representations in this W-extended picture. 

In [11], it was shown that symplectic fermions [16j is just critical dense polymers CM{1,2) [17j 
viewed in the W-extended picture. Likewise in the general case [15], including critical percolation |14j . 
the extended picture is described by the same lattice model as the Virasoro picture [H EJ [3]. It 
is nevertheless useful to distinguish between the two pictures by denoting the logarithmic minimal 
models viewed in the extended picture by W CM.{p,p') and reserve the notation CM.{p,p') for the 
logarithmic minimal models in the non-extended Virasoro picture. 

An objective of the present work is to determine fusion-matrix realizations and the corresponding 
polynomial fusion rings of the W-extended fusion algebras mentioned above. To achieve this, we first 
revisit the logarithmic minimal models in the Virasoro picture to identify a particular algebraic ideal 
of the fundamental fusion algebra. Considering its strong resemblance with the W-extended fusion 
algebra of [15], we are led to propose an extension of this W-extended fusion algebra reminiscent of the 
fundamental fusion algebra in the Virasoro picture. We thus call this larger algebra the y]^- fundamental 
fusion algebra and posit the complete set of supplementary fusion rules which are subsequently shown 
to yield an associative and commutative fusion algebra. It also offers a canonical way of introducing the 
elusive identity and pair of W-fundamental representations. For p > I, this identity is a W-reducible 
yet W- indecomposable representation of rank 1. The dimension of the W-fundamental fusion algebra 
is 7pp' — 3p — 3p' + 1 , while the dimension of the empirically obtained W-extended fusion algebra of [15] 
is 6pp' — 2p — 2p' . 

To assist in the construction of explicit fusion matrices, we introduce a further enlargement of the 
W-extended fusion algebra. The dimension of this enlarged fusion algebra is 9pp' — 3p — 3p' + 1 , and a 
pair of rectangular matrices is introduced to intertwine between the fundamental and enlarged bases. 
These matrices can be chosen as a pair of mutual Moore- Penrose inverses (see [18] , for example), one 
of which is a sparse binary matrix. 

As a means to study and describe how the many fusion algebras and fusion rings are interrelated, 
we introduce and discuss commutative diagrams with morphisms between the various algebras and 
rings. This provides, in particular, a convenient framework for representing the W-fundamental fusion 
algebra as a quotient of the fundamental fusion algebra in the Virasoro picture. Two additional quotient 
constructions are examined. According to |19j . the first of these plays an important role as the algebra 
of the fusion matrices obtained from a Verlinde formula applied to the modular S matrix of the set of so- 
called projective characters in the W-extended picture [131 |T5]. This algebra is also related to the fusion 
algebra arising from lattice considerations when omitting the so-called disentangling procedure [15], as 
we will discuss. The other example allows us to view the usual fusion algebra of the rational minimal 
model A4{p,p') [201 EI] as a quotient of the fundamental fusion algebra of CA4{p,p') in the Virasoro 
picture or as a quotient of the W-fundamental fusion algebra of yVC^A{p,p'). 

The layout of this paper is as follows. In Section [21 we review the logarithmic minimal model 
CM.{p,p') and its fusion algebra [HE], and consider a particular ideal of the fundamental fusion algebra. 
Their fusion-matrix realizations and the corresponding polynomial fusion rings are also discussed. 
These are expressed in terms of Chebyshev polynomials reviewed in Appendix [Al while Appendix iBl 
settles our conventions for quotient polynomial rings. Section El summarizes some main results [15] 
on WCM^p^p') as obtained from lattice considerations, with an exhaustive list of the explicit fusion 
rules deferred to Appendix [O The W-fundamental fusion algebras are introduced in Section El The 
complete set of supplementary fusion rules is posited and we present a conjecture for the embedding 
diagrams and ensuing characters of the proposed representations. There are [p — l)(p' — 1) such 
representations and they are all W-reducible yet W-indecomposable representations of rank 1. One of 
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these is the identity of the W-fundamental fusion algebra. Section U] is concluded with a description 
of the fusion-matrix realizations and corresponding polynomial fusion rings of the empirically obtained 
W-extended fusion algebras given in AppendixOas well as the (for p > 1) larger W-fundamental fusion 
algebras. In Section O we introduce the enlarged system to facilitate the construction of explicit fusion 
matrices. In Section[6l we introduce the commutative diagrams with morphisms between fusion algebras 
and fusion rings. We describe the W-fundamental fusion algebras as quotients of the fundamental 
fusion algebras in the Virasoro picture. We also discuss the aforementioned quotient construction with 
links to modular transformations and the disentangling procedure. Section [6] is concluded with the 
discussion of the fusion algebras of the rational minimal models as quotients of the fusion algebras 
of the logarithmic minimal models. Section [7] contains some concluding remarks. It also presents a 
fusion-ring description of the fusion algebra of [22] and offers a proposal for W-extensions of this fusion 
algebra and generalizations thereof. 



Notation 

For n, m E z 



-n[n,m] (1.1) 



denotes the set of integers from n to m, both included, while the set of non-negative integers is written 
No- Certain properties of integers modulo 2 are 

e(n) = n-m = - — , n,meZ (1.2) 

where the dot product is seen to be associative. By a direct sum of representations An with unspecified 
lower summation bound, we mean a direct sum in steps of 2 whose lower bound is given by the parity 
e(A^) of the upper bound, that is, 

N N 

0A„ = ^n, NeZ (1.3) 

n n=e{N), hj 2 

This direct sum vanishes for negative N. For ordinary sums of entities fn, we likewise introduce 

N N 

n n=t(N), by 2 

Unless otherwise specified, we let 

K, k'gZi_2, r S Zi^p, s G Ziy, a,a'GZi^p_i, 6, 6'GZiy_i, a G Zo,p-i, /3 G Zoy-i (1.5) 

and k, k' , n € N. T„(x) and Un{x) are Chebyshev polynomials of the first and second kind, respectively, 
see Appendix Rl 

2 Logarithmic minimal model jCA4{p,p') 

A logarithmic minimal model CA4{p,p') is defined [1] for every coprime pair of positive integers p < p'. 
The model CM{p^p') has central charge 

c = 1-6^ (2.1) 

pp' 
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and conformal weights 

A.. = irp'-sp^-ip'-py ^ ^^^^^ 
App' 

The fundamental fusion algebra [21 [3] 

((2,1), (1,2))^^^, = ((a,&),(pA:,6),(a,p'fc),(pA;,pO,^;t'<'p'fc'<y>py (2-3) 

of the logarithmic minimal model £.M{p,p') is generated by the two fundamental Kac representations 
(2,1) and (1,2) and contains a countably infinite number of inequivalent, indecomposable representa- 
tions of rank 1, 2 or 3. The set of these representations is given by 

^Fund _ S'TpOfi 'j-,0,0 ^0,0 ^-,0,0 ^a,0 ^0,b ^a,b \ ^\ 
^p,p' — \'^a,b^ '^pk,b^ ''^a,p'k^ '^pk,p'^ ''^pk,s^ ''^r,p'k^ '^pk,p' ) V^-^^ 

where we have introduced the convenient notation 

7e°;° = (r,s), r,s G N (2.5) 

Their rudimentary properties are summarized in the following. To gain transparency when discussing 
distinctions and relations to other fusion algebras, we sometimes use the alternative notation 

Fnnd[CM{p,p')] = ((2, 1), (1, 2))^^^, (2.6) 

for the fundamental fusion algebra of CM{p,p'), see also the discussion in Section [4. 2. 1[ 
For r, s G N, the character of the Kac representation (r, s) is 

l — C 

X,,{q) = ^ '\ J'^ h-qrs) = A^Urp'-spf/App'_^{rp'+spf/App'^ (2.7) 

where the Dedekind eta function is given by 

oo 

r,{q) = q^^l[{l-qn (2.8) 

n=l 

Such a representation is of rank 1 and is irreducible if r G Zi p and s G p'N or if r G pN and s G y. 
It is a reducible yet indecomposable representation if r G Zi^p_i and s G while it is a fully 

reducible representation if r G pN and s G p'N where 

k+k'-l k+k'-l 

ikp,k'p') = {k'p,kp') = {jp,p') = {p,jp') (2.9) 

j=|fc-fc'|+l, by 2 j=|fc-fc'|+l, by 2 



These are the only Kac representations appearing in the fundamental fusion algebra (j2.3|) . The char- 
acters of the reducible yet indecomposable Kac representations just mentioned can be written as sums 
of two irreducible Virasoro characters 

Xa,b{q) = Cha^biq) + Ch2p-a,b{q) = Chafiiq) + Cha,2p'-b{q) (2.10) 

In general, the irreducible Virasoro characters read [23j 

^\+{k-l)p,b{q) = ^2pp' ,(a+{k-l)p)p' -bp;k{q) ~ ^2pp' ,{a+{k-l)p)p' +bp;k{q) 
cK+kp,p'{q) = -l^(g(('=-l)P+-)V/4p_g((fc+l)p-a)V/4p) 

dikpM) = -^{q^^P'-^'^'Pl^P' -q^'^P'+'^'Pl^P') (2.11) 
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where Kn,v-k{<i) is defined as 

Kn,u-A<l) = ^ E (2.12) 

The representations denoted by 'R-'^p ^ and TiP^^pi are indecomposable representations of rank 2, 
while 'R-lppi = 'Rp'^kp' indecomposable representation of rank 3. Their characters read 

^I'^lpjil) = (1 - h,l^s,p')dlkp~aAl) + 2chfcp+a,s(g) + C\k+2)p-a,s{l) 
^[^r'fcp'K^) = (1 - ^k,lSr,p)cK,kp'-b{q) + 2ch,,fcp'+b(g) + cK,(k+2)p'-b{Q) 
^[Kp,p'M = (l-4,l)ch(fc 

-l)p-a,biQ) + 2ch(fc_i)p_,_a + 2(1 (^A:,l)chA:p-ay-b('?) 

+ 4chfcp+a,p'-6(g) + (2 - Sk,l)c\k+l)p-a,b{Q) + 2ch(;,+i)p+a,6(9) 
+ 2ch(fc+2)p-a,p'-fe(9) + ch^k+3)p-a,b{Q) (2-13) 

Indecomposable representations of rank 3 appear for p > 1 only. A decomposition similar to ()2.9p also 
applies to the higher-rank decomposable representations T^'^py.ipi as we have 

k+k'-l k+k'-l 

'^kp,k'p' ~ '^k'p,kp' ~ CP jp,p' ~ \U Pjp' l^'-L^J 

j=|fc-A:'|+l, by 2 j=|fc-fe'|+l, by 2 

The fusion rules governing the fundamental fusion algebra (j2.3p are discussed in [2l|3]. Here, we 
merely note that fusion in the fundamental fusion algebra decomposes into 'horizontal' and 'vertical' 
components 

Ki' = K^-^iip' = K>T^Z (2-15) 
The Kac representation (1,1) is the identity of the fundamental fusion algebra. For p > 1, this is a 
reducible yet indecomposable representation, while for p = 1, it is an irreducible representation. 



2.1 Outer fusion algebra 

Following the detailed description of the underlying fusion rules in [3] , many fusion subalgebras of the 
fundamental fusion algebra (j2.3p are readily identified. One of these is generated by all TZr'f G ^p"*^ 
but the {p — \){p' — 1) reducible yet indecomposable Kac representations (a, h). Since this corresponds 
to leaving out or omitting the bottom-left corner of the infinitely-extended Kac table, we will refer to 
this fusion subalgebra as the outer fusion algebra. We denote it by 

Ont[CM{p,p')] = {{pk,b),{a,p'k),{pk,p%n;lX%Ktp')p,p' (^-l^) 

and introduce 

^Out _ /xFund \ ({„ h\\ _ r-r>0,0 ^0,0 -r>0,0 -r>a,0 ^0,6 ^a,b \ (n^7\ 

^p,p' — ^p,p' Xtl")"^/ — \'^pk,b^ '^a,p'k^ '^pk,p'^ '^pk,s^ '^r,p'k^ 'Sk,p' I K^-^') 

as the set of its generators. The decomposition Jpp?'^ = Jpp^ U {(a, 6)| is thus a disjoint union. This 
outer fusion algebra is not discussed elsewhere in the literature. The main reason for doing it here 
is that its relationship with the fundamental fusion algebra provides a scenario whose W-extended 
analogue plays an important role, as we will see. 
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It is noted that the identity (1,1) of the fundamental fusion algebra is among the representations 
not partaking in the outer fusion algebra for p > 1. For p > 1, the outer fusion algebra has no identity 
element. For p = 1, on the other hand, the subtracted set in (12.170 is empty implying that 

Out[CM{l,p)] = Fund[£M{l,p')] (2.18) 

It is also observed that the outer fusion algebra is an (non-negative integer) ideal of the fundamental 
fusion algebra in the sense that, for all A E •Jpp^'^ and B E -J^p/^, 

A^B e Span^^ (jTpOf ) (2.19) 
fusion multiplication in Fund[CA4{p,p')]. 



2.2 Fusion matrices and fusion rings 

The fusion algebra, see [21] for example, 

= ©A/'i.iVfe, i,j^J (2.20) 

of a rational conformal field theory is finite and can be represented by a commutative matrix algebra 
[Ni] i ^ J) where the entries of the \J\ x \J\ matrix are 

(iV,)/ = M/, i^j.k^J (2.21) 

and where the fusion multiplication ® has been replaced by ordinary matrix multiplication. In [5], 
Gepner found that every such algebra is isomorphic to a ring of polynomials in a finite set of variables 
modulo an ideal defined as the vanishing conditions of a finite set of polynomials in these variables. He 
also conjectured that this ideal of constraints corresponds to the local extrema of a potential, see [25] 
for further elaborations on this conjecture. 

Since the fundamental fusion algebra of the logarithmic minimal model CM{p,p') has infinitely 
many elements, the associated fusion matrices are infinite-dimensional. The corresponding conformal 
field theory is irrational (in this case logarithmic [l]) and the results of Gepner [5] do not necessarily 
apply. Nevertheless, one of the main results of [3], Proposition [2j 2 below, shows that a (quotient) 
polynomial fusion ring can be identified after all. It is based on a matrix realization of the fundamental 
fusion algebra where the fusion matrices corresponding to the various representations appearing in (j2.3p 
are denoted by N„a,i3. The commuting fusion matrices associated to the fundamental representations 

(2,1) and (1,2) are denoted also hy X = N^2,i) and Y = N(^i^2): where it is recalled that 7^r,'s = 
(r, s). Since we are considering a countably infinite number of representations, X and Y are infinite- 
dimensional. According to the following proposition from [3], every fusion matrix N„a,i3 can be written 

in terms of Chebyshev polynomials (see Appendix [X]) in X and Y. First, we follow [1] and introduce 
the polynomial 

Pn,n'{^,y) = (r„,(|)-T„,(|))^„_i(|)t/„,_i(|) 

= ^(c/2n-l(f)t/„'-l(|)-t/„^l(f)^2„'-l(f)) (2.22) 

where the second equality is a simple consequence of (lA.lip . 

Proposition [2ll ([4J) Modulo the polynomial Ppp'{X,Y) defined in (j2.22p . the matrices 

N^.,,{X,Y) = (2-5,,o)T4|)C/.-i(|)(2-5^,o)T;3(^)[/,-i(|), e Jp^^J^'' (2.23) 



6 



constitute a fusion-matrix realization of the fundamental fusion algebra Fund[CAi{p, p')] with the fusion 
multiplication and direct summation © replaced by matrix multiplication and addition, respectively. 

Proposition [2l 2 ([4J) The fundamental fusion algebra is isomorphic to the polynomial ring generated 
by X and Y modulo the ideal (Pp^p'{X,Y)), that is, 

Fnnd[CM{p,p')] ~ C[X,Y]/ {Pp^p,{X,Y)) (2.24) 

The isomorphism reads 

T^f ^ (2 - S^,o)t4y)U.-i{§){2 - S,,o)M'^)U,-i{^), T^f G jj;j?<^ (2.25) 

It is noted that X and Y in Proposition [2j2 are formal entities and hence need not be identified 
with the fusion matrices X and Y of Proposition [2jl. A similar comment applies in the following as 
well when discussing other fusion-matrix realizations and their associated polynomial fusion rings. 

Due to the fusion property (|2.19p . propositions analogous to the ones above apply to the outer 
fusion algebra as well. We stress, though, that the fundamental representations (2,1) and (1,2) do 
not belong to J^^y* for p,p' > 2, respectively. In these natural matrix realization of the 

outer fusion algebra is described in a basis different from any of the ones used in Proposition [2j 1 since 

/rOut yFund 

Proposition's Let {N-ji; IZ € J^^^} be a fusion-matrix realization of the fundamental fusion alge- 
bra Fund[£A^(p, p')] in some basis, that is, some ordering of the elements of J^^Y'^. For every TZ G Jpp^, 
the matrix N-ji is constructed from the fusion matrix N-ji G {N-ji; e J^p^} ^ {N-ji; TZ G Jp^J"^} by 
deleting the rows and columns corresponding to the {p — l){p' — 1) Kac representations (a, 6). The set 
{N-ji; TZ G J^jPjy*} constitutes a fusion-matrix realization of the outer fusion algebra Out[CM-{p,p')]. 

Proof This follows from the fact that the elements of the subset J^S'^j^ Q J^Iw^'^ generate the fusion al- 

p^p PyP 

gebra Out[CM.{p, p')] which is (an ideal and hence) a subalgebra of the fusion algebra Fund[CA4{p, p')]. 
□ 

Proposition [2l4 For the set of labels {a,P;i,j) characterizing the elements 7^"^^ G Jpp^, the ele- 
ments of the set { (2 — (5Q^o)^Q:('f")^j-i ( y) ~ '^/3,o)^/3(T)^i-i (t) } ge^ei^ate an ideal of the quotient 
polynomial ring C[X, y]/(Ppp/(X, y)). The outer fusion algebra Out[>CA^(p,p')] is isomorphic to this 
ideal. 

Proof The elements of the proposed ideal are here indicated by their lifts to the ambient quo- 
tient polynomial ring C[X, y]/(Ppy (X, Y)). Continuing this practice and recalling the fusion property 
()2.19p . the proposition follows from Proposition [2j 2. In short, the elements of J^^y* generate an ideal 
with respect to the fusion multiplication of Fund[£A4(p,p')]. Since this fusion algebra is isomorphic to 
a quotient polynomial ring, the isomorphic image of Jpp^ in the ring must form an ideal of the ring 



itself. The fusion algebra generated by Jpp^ is thus isomorphic to this ideal. 

□ 



We emphasize that, for p,p' > 2 respectively, the two generators X and Y will not themselves be 
part of the quotient polynomial fusion ring of the outer fusion algebra Out[>CA4(p,p')]. The gen- 
erators are merely 'borrowed' from the similar description of the bigger fundamental fusion algebra 
Fund[>CA^(p,p')] and thus only act as building blocks. 
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3 W-extended logarithmic minimal models 



In this section, we summarize some of our findings [T5] on WCM{p,p') as obtained from lattice con- 
siderations. We will extend these results in Section [5] where we introduce a fundamental extension of 
the fusion algebra obtained empirically in |15j . 



3.1 Representation content 

There are 2p + 2p' — 2 W-indecomposable rank-1 representations 

{{i^P,s)y^>,{r,Kp')^] subject to (p, kp')w = (^P'^'Ow (3-1) 

where {p,p')y\; is listed twice, ipp' — 2p — 2p' W-indecomposable rank-2 representations 

{('^Kp°s)>V' ("^r.KpOw} (3-2) 
and 2{p — l){p' — 1) W-indecomposable rank-3 representations 

{(^Kp,K'p')w} subject to {TZp^2p')w = (J^2p,p')w and (7^2p'^2p')w = (^py)w (3-3) 

The total number of W-indecomposable representations obtained from the lattice is thus 6pp' — 2p — 2p' . 
Compactly, the various W-indecomposable representations satisfy 

i'^'{ifK')p,p')yv = i'K^p,K'p')v\! = i^pfK-K')p')yv (3-4) 

and it is convenient to mimic ()2.5p by 

(^r:°)w = {r,s)y^, r,sGN (3.5) 

In terms of Virasoro-indecomposable representations, the W-indecomposable rank-1 representa- 
tions decompose as 

{^P,s)yy = 0(2A;-2 + k)((2A;-2 + k)p,s), {r,Kp')y^ = ^{2k -2 + K){r,{2k -2 + k)p') (3.6) 
fceN fceN 

where the two expressions for (p,p')>v agree and where the identity {p,2p')y^ = {2p,p')y^ is verified 
explicitly. Similarly, the W-indecomposable rank-2 representations decompose as 

(Kp°Jw = ©(2fc-2 + '^)7^5^2+«W' Kip')w = ©(2^-2 + ^)<t2;i_2+.y (3-7) 

keN km 

while the W-indecomposable rank-3 representations decompose as 

(<y)w = ©(2fe-2 + K)<2fc-2+.)p' = ©(2fc - 2 + (3-8) 

fcGN ken 

3.2 W-irreducible characters 

It is recalled that Virasoro- irreducible characters are denoted by chp^„{q) where p, cr G N as we reserve 
the notation Xp^aiQ) for the characters of the (in general reducible) Kac representations {p,cr). Only 
if the Kac representation happens to be Virasoro- irreducible, cf. the discussion following (|2.8p . do we 
use both notations. In the W-extended picture, on the other hand, we will denote the character of a 
W-irreducible representation of conformal weight Ap^o- simply by Xp,cr(^). 
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It is believed [15] that the 2{p + p' — 1) W-indecomposable representations (|3.ip are in fact W- 
irreducible, and that there are an additional |(p — — 1) W-irreducible rank-1 representations 
appearing as subfactors of the W-indecomposable rank-2 and -3 representations. This brings the total 
number of W-irreducible characters to 

iVi„(p,p') = 2pp' + ^{p-l){p' -1) (3.9) 



The characters of the W-irreducible representations (j3.ip are 



/(.r,Kp' 



(q) = Y.^2k-2 + K)cK,i2k-2+.)Aq) = ^(2^ - 2 + K)(7«2/=-2+«)p-r)V/4p (3.10) 



while ^{p — l){p' — 1) of the additional W-irreducible representations simply correspond to Virasoro- 
irreducible representations and have characters given by 

The remaining 2{p — — 1) W-irreducible representations have characters 
(q) = E(2A;-2 + K)ch(2fc-2 +K)p+a,b 

fcGN 

= _J_ ^ - 1 + k) ^qiap'-bp+i'2k~2+K)pp')^ /ipp' _ ^{ap'+bp+(2k~2+K)pp')^/ipp'^ ^3 -|^2) 

satisfying 

X^p+ay-biq) = Xp-a,Kp'+b{Q) (3.13) 

The characters of the higher-rank W-indecomposable representations can then be expressed in terms 
of W-irreducible characters 



X[iKp,s)w] (q) = - Ss,p')Xp-aA<l) + 2X(4-K)p-a,s(g) + ^Xnp+aAl) 

X[{T^r'Kp')w] (q) = - ^r,p)Xr,p'~b{q) + '^Xr^{A-K)p' -b{q) + '^Xr,Kp' +b{q) 

XH'K^l^pdw] (q) = '^^K,lXa,b{q) + '^^K,2Xp-a,b{q) + ^^X^p+a^^biq) 

+ 4:XKp+p-a,b{q) +^X(3-f,)p+a,b{l) +^Xa,(3-tz)p'+b{q) (3.14) 

3.3 Fusion algebra 

We denote the fusion multiplication in the W-extended picture by ^ and reserve the symbol <8> for 
the fusion multiplication in the Virasoro picture. The fusion rules underlying the fusion algebra in the 
W-extended picture WCM.{p,p') are summarized in Appendix [Cl Here, we denote this fusion algebra 
by 

Ont[WCMip,p')] = {{kp, 6)^, (a, Kp')^, {np,p')^, (Kp°Jw, (<''p')w, {Kl,p')^^>) p^p> (3-15) 

foreshadowing the existence of its extension Pund[Wi2A^(p, p')] to be discussed in Section [H This 
pairing of the two W-extended ('outer' and 'fundamental') fusion algebras is of course reminiscent of 
the analogous situation in the Virasoro picture. We also introduce 

a,Kp' )W' (^Kp,p')w' (^Kp,s)w' (^r,'Kp')w' (^Kp,p')w} (3.16) 
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as the set of generators of (|3.15p . Its cardinality is 



= Qpp-2p-2p' (3.17) 

The fusion algebra (j3.15p is both associative and commutative, while there is no identity for p > 1. For 
p = I, the W-irreducible representation (1, l)yy is the identity. 

4 Fundamental fusion algebra of WjCA4 (p, p') 

Considering the similarity between Out[CA4{p, p')] and Out[WCA4{p,p')], we here propose a particular 
and in some sense canonical extension of the W-extended algebra as the analogue of the fundamental 
fusion algebra Fund[CM {p,p')] in the Virasoro picture. We will refer to this extension as the W- 
fundamental fusion algebra and denote it by Fund[WCA4{p,p')]. It is the topic of the present section. 

We emphasize, that Yang-Baxter integrable boundary conditions corresponding to the new W- 
representations are yet to be constructed. For now, we can therefore only claim that the proposed 
extension is algebraic in nature. 

4.1 Representation content of fundamental extension 

We extend the set of generators of the outer fusion algebra (j3.15p by introducing 

a,Kp' )W' (^ftp,p')>V' (^Kp,s)>V' ('^r,'Kp')>V' ('^Kp,p')w} (4-1) 

where 

{Jv7')^v = {(«,^)w}u(Jp°^*)w (4.2) 
is a disjoint union. The cardinality of (Jpy°'^)w is thus 

\{J!7'')y^\ = (P- ^)(P' - 1) + l(^py*)wl = W -3p-3p' + i (4.3) 

As we will argue below, one can extend the domain of the fusion multiplication (8) from (i7^jy*)w to 
{'^pp^'^)w^ thereby obtaining the fusion algebra 

Fnnd[W CM{p,p')] = ((a, 6)^, (^P, 6)w> («, ^P')w^ {^P.p')w^ (^^p^Jw- (^°''p')w> {Klp')w)pp> 

(4.4) 

Furthermore, we will demonstrate that this fusion algebra is generated from repeated fusions of the 
two 'fundamental' representations (2, l)yy and (l,2)yy (strictly speaking, in addition to the identity 
(1, l)yy, cf. the discussion in Section [4. 2. ip 

Fund[W£M(p,p')] = ((l,l)w,(2,l)w,(l,2)w>py (4.5) 

much akin to the situation in the Virasoro picture (j2.6p . In hindsight, this is of course the reason we 
refer to (j4.4p as the fundamental fusion algebra of 'WC^A{p,p'). We also note that the extension (j4.2p 
is trivial for p = \ since the set {(a, b)y^} is empty in this case. This implies that 

¥mid[WCM{l,p')] = Ovii[WCM{l,p')] (4.6) 

again reminiscent of the Virasoro picture (j2.18p . 

The embedding patterns, conformal dimensions and characters of the new W-representations 
{(a, 6)^} are discussed in the following. 
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4.1.1 Embedding patterns and characters 

Just as the reducible yet indecomposable Kac representation (a, b) has conformal weight and ap- 
pears as a subrepresentation of the indecomposable rank-2 representations Ti^l""'^ and T^^p/"* [SHE], we 
find it natural to expect that the new W-representation (a, b)y^ has conformal weight A^,;, and appears 
as a subrepresentation of the W-indecomposable rank-2 representations (J^p~h^'^)y\; and (J^^'p~'')y^ 
(and hence of the indecomposable rank-3 representation (7^^"?'^ ~'')w' discussion of embedding 

patterns in [T5j). Also, the embedding patterns of {T^ph^'^)y^ and (7^°'^/ are believed [15] to be 



{^2p+a,b)w 



(Aa,2p'+fe)w 



b ' )w • (^2p-a,6Jw 



(A, 



(A2p+a,fe)w 



(Aa,2p'+6)>v 



a,2p'-feJvV 



(4.7) 



where the horizontal arrows indicate the non-diagonal action of the Virasoro mode Lq, while (A)yy is 
a shorthand for the W- irreducible representation of conformal weight A. Since 



^2p-a,6 



A 



a,2p'-bi 



(4.8) 



we are thus led to conjecture that the embedding pattern of (a, 6)vy is given by 



(A2p-a,fe) 



W 



(Aa,2p'-fe)w 



(a, 6) 



w 



(Aa,b)>v 



(Aa,fe) 



w 



(4.9) 



implying that (a, 6)yy is a W -reducible yet -indecomposable representation of rank 1. Its conformal 
dimension is indeed 



A[{a,b) 



wJ 



A 



a, 6 



(4.10) 



while the associated character reads 



X[(a,6)w](g) = Xa,biq) + X2p^a,b{q) = Xa,b{q) + 'Xa,2p'^b{q) 

^ ^ S^rk^ - 1) fq{ap'+bp+2kpp'f/4pp' _ ^{ap'-bp+2kpp'f/4pp' 



(4.11) 



Combined with the result for p = 1 ()3.10p . the character of (1, 1)^, in particular, is 

x[{iA)w]iq) = XA=o{q) + {^-Sp,i)xA=ip-i)ip'-i){q) 



(4.12) 



This clearly resembles the decomposition of the character of the reducible yet indecomposable Kac 
representation (1,1) 



x[{l, l)]{q) = chA=o(g) + (1 - '^p,i)chA={p_i){p'-i)(g) 



(4.13) 
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As we will see below, the representation (1, l)yy is the identity of the W-extended fundamental fusion 
algebra. This is true for all WCAi{p,p'). It is recalled in this regard, that the outer fusion algebra 
Out['yVC^A{p,p')] only has an identity for p = 1. 

We stress that the details of the conjectured embedding pattern (j4.9p and the ensuing character 
expression ()4.1ip have no direct bearing on the fusion rules to be discussed below. That is, the 
algebraically motivated fusion algebra Fund[W£A1(p,p')] remains well defined even if the conjecture 
turns out to be false. 



4.2 Supplementary fusion rules 

We are faced with the task of devising rules for {o,,b)y^ ^ {TZ^'j^)y^, for all {T^i^'f)y^ £ (•-^p°*^)>V' 
compatible with the known fusion rules of Out[WCM{p,p')]. In particular, the complete set of fusion 
rules of Fund[}V CM. {p,p')] must yield a commutative and associative fusion algebra. We also require 
that fusion in Fund[VV£Al(j?,p')] separates into horizontal and vertical components where for every 
(^°/)w e (cT;^'')^ there exist (7^^f )^ E (.T^^'')!^ and (7^?;f )^ G (:^p^7'')w s^^h that 

(ntf)^ = {nlf)^^{nl'% (4.i4) 

This extends the similar separation of fusion in Out[yVjCA4{p,p')] UM I15j . Furthermore, since 
we wish to consider Fund[W CM. {p,p')] as an extension of Out[WCM{p,p')], our proposal for the 
former should have the latter as an algebraic ideal with respect to the fusion multiplication (g). As 
we will see below, this is indeed the case. A detailed discussion of how the resulting fusion algebra 
Fnnd[yV CM{p, p')] can be viewed as a quotient of the fundamental fusion algebra Fnnd[CM{p, p')] is 
given as Proposition [6ll in Section WA] 

Now, our proposal for the fusion rules of Fund[W CM {p,p')] is obtained by supplementing the 
fusion rules of Out[WCM{p,p')], determined in [15] and listed in Appendix [Cl with fusion rules for 
(a, b)^ ^ (a', and (a, 6)^ {TZlf)^ for all (7e"f )w e (^py* )w These are given in g23]) through 
()4.26p and are motivated as follows. Implementing the separation property (j4.14p . we consider the first 
type of fusion in (IC.ip 

p_i p'-\p'-b-b'\-i 
{Kp,b)^^{K'p,b')^ = 0{ (^S°«')p,i)>v®(l'i)w 

a j = \b-b'\ + l, by 2 

(<«>.i)w^«J)w} 

p-1 p'-\p'-b-b'\-l b+b'-p'-l 

©(^Mp,i)w}^{ © (l'^-)w® © K5)w}(4.15) 

a j=|6-6'|+l, by 2 ^ 



Since 



{Kp,s)y^(S){Kp,s')y^ = {{np, (g) {k' p, l)y^} (g) {(1, s)y^! (g) (1, s')y^} 

p-1 

= {©(^Mp,i)>v}^{(1'^)w®(1,^')w} (4.16) 



a naive application of (14.14(1 yields 



p'-\p'-b-b'\-i b+b'-p'-i 
(l,6)w^(l,6')w = © (l,j)w© © KJ)w (4.17) 

j = |fe-b'| + l, by 2 P 
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We likewise find 

p—\p—a—a'\ — l a+a' —p—\ 

(a,l)w^(a',l)H; = (i, l)w © (^;,f)w (4-18) 

j=|a-a'|+l, by 2 " 

Similarly using ()C.2p . we consider 

r-l p'-\p'-b-b'\-l b-b'-l 

i^P,b)w^iKip')w = 0{ (^:^i)w^(<fy)w® 2(7^:;:;l)>v^(7^?J,,)w 

a f3=\b-b'\+l,hy 2 /3 
b+b'-p'-l 

© m:'^,i)w^K(2..')p')w} 

= {0(<i)w}^{' "0" \<v)w 

a /3=|6-6'|+1, by 2 

b-b'-l b+b'-p'-l 

©0 2Kf,,Ow© 2(7^°;f,.^,)^,)w} (4.19) 

From the separation, 

(Kp,6)>v^(<''y)w = {('^P,l)w^(^',l)w}®{(l,^)w®(^?Jv)w} (4.20) 
we thus deduce that 



a-l 

{a, l)w (t> (kp, 1)w = 0(^"p°i)w 



(l>^)w©(<t;')w =' ''0 ' (<iOw©'0 V?;iOw©^0 2(7^?;f,.^)^,)H^ (4.21) 

/3=|b-fe'|+l, by 2 /3 /3 

We likewise find 

fe-i 

(1,6)h;®(1,/^p')w = 0(<i')w 

(a,l),v®(Ow = '''0' (Ki)w© 2(Ow©^0 2(7^g°,)^Jw (4.22) 

a=|a-a'|+l, by 2 a a 

The horizontal and vertical fusion rules are merged by yet another application of (j4.14p . In 
conclusion, we posit the supplementary fusion rules 

p-\p-a-a'\-l p'-\p'-b-b'\-l a+a'-p-l p' -\p' -b-b'\-l 

{a,h)w®{<^',b')w = { (^>i)w}© { (K'°)w} 

i=|a-a'|+l, by 2 j=|6-fe'|+l, by 2 a j=|fe-b'|+l, by 2 

b+b'-p'-l p-\p-a-a'\-l a+a'-p-l b+b'-p'-l 

® © { © «'^)w}© © { © (4.23) 

/3 i=|a-a'|+l, by 2 a /3 
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and 



a-l p'-\p'-b-h'\-l 



{ (^"pj)w 

a i = l/)-f)'l+l. bv 2 



(a, h)y^ (2> {kp, 6')w 

(a, 6)yv® (o.',Kf>')w 



a ' j=|fe_b'|+l,by2 
6-1 ■p-\p-a-a'\-\ 

/3 i=|a-a'|+l,by 2 
a-l fe-1 



6+6'-p'-l 

a+a'— p— 1 

5 (^Kpy)w} 



(4.24) 



and 



(a,6)w®(7^:i°)^ = 



and finally 

(«'^)w®(^S,p')w = 



p—\p—a—a'\ — l p' — \p' —b—s\ — \ 

a=ja-a'j+l, by 2 j=|6-s|+l, by 2 
a-a'-l p'-|p'-b-s|-l 

® { 2«. 

a j=|6-s|+l,by 2 
a+a'-p-l p' -\p' -b-s\-l 



b+s-p'-l 



(^Kpy)w} 

ii— —1 

2(^Kp'l)')w} 



6+s-p'-l 



^ y ^ t- tf - ■'\ - b+s-p'-l 



(a,6)>v^(^°«p')w = 



'i,'Kp')w 



'j = \b-s\ + l, by 2 
p'-|p'-6-b'l-l p-lp-a-r|-l 

{ (^i,fp 

/3=|6-6'|+1, by2 i=|a-r-H-l, by 2 

b-b'-l p-|p-a-r|-l 

® { 2(7^: 

/3 i=|a-r|+l, by 2 

6+&'-p'-l p-|p-a-r|-l 

® { ^(■'^l','(2-«;)p')w 

/3 i=|a-r-|+l, by 2 



p-|p-a-a'|-l p'-|p'-fe-6'I-l 





a+r—p—1 



a+r—p—1 



-1 — p — 1 

('^lJpy)w} 

a 

— p— 1 

2(7^^py)vv;| 
-) — p— 1 

2(7^5fl),,,,),v}(4.25) 



' -u-u |-J- 
^ (^Kpy)w} 

■=|a-a'|+l, by2 /3=|b-6'|+l, by 2 
6-&'-l p-|p-a-a'|-l o-o'-l p' -\p' -b-b' \-l 

5 { 2(7^:;i,)w} ® { mZ'M 

13 a=|a-a'|+l,by2 a /3=|fe-6'|+l, by 2 

a-a'-l b-b'-l a+a' -p-l b+b' -p' -I 

5 { ^{Kp'M ® { ^{Kp'M 

a p a p 



a'-p-l p'-\p'-b-b'\-l b-b'-l 

4(^(2^l)p,p')w} 



a f3=\b-b' \+l,hy 2 

b+b'-p'-l p-|p-o-o'|-l 

^ { '^('^'{2%p,p')w ' 

P a=|a-a'|+l, by 2 
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a— a' —I 



4(7^5l),,,,)w} (4.26) 
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4.2.1 W- fundamental representations 

Using the complete set of fusion rules underlying Fund[W C^A{p,p')], it is not hard to see that this 
W-extended fundamental fusion algebra is built from repeated fusions of the two W-indecomposable 
representations (2,l)yy and (l,2)yy. We thus have (|4.5|) and naturally refer to (2, l)yy and (l,2)yy as 
W- fundamental representations. 

Strictly speaking, though, for p > 1, we are implicitly assuming that the identity (1, l)yy, say, 
is also a generator of the fusion algebra. Prom the fusion (1, 2)yy (g) (1, 2)yy = (l,l)yy © (l,3)yy, we 
can otherwise not identify (l,l)yy and (l,3)yy as separate representations. A similar and likewise 
implicit assumption is made when writing ((2, 1), (1, 2))^^' for the fundamental fusion algebra in the 
Virasoro picture (j2.3p . In that case, on the other hand, lattice considerations allow us to disentangle 
the fusion (1,2) (g) (1,2) = (1, 1) © (1,3). At present, the W-indecomposable representations {(o, &)w} 
are introduced algebraically only, so there is no disentangling procedure to rely on. In any case, 
((2, l)yy, (1, 2)yy)pp/ Is mcrcty a suggestive (but in the sense just described, also a bit misleading) 
shorthand for ¥uTid[WCM{p,p')] = ((1, 1)^, (2, l)w, (1, 2)wW dSl)- 

We note that (1, 2)^ € (Jpy*)w P' = 2> while (2, 1)^ G {Jp,p^)yv iff 1^ = 1, 2, and now list ah 
fusions involving these W- fundamental representations. For p = 1, we have 

(2, l)y^; (g) (k, S)y^ = {2 ■ s)^ 

(2,l)^0(7^?J^,)>v = Kf2..y)w (4.27) 

while for p> 1, we have 

{2,l)y^®{Kp,S)y^ 
(2,l)y^;©(a,Kp')w 

(2,l)^©(K;,0jw 

(2.1) ^^(7e°;^p,)w 
{2A)^®{n'::l^,)y, 

Since > p > 1, we have 

(l,2)y^;©(a,&)yy 

(1,2)w©(kp, h)y^ 

{l,2)y^®{r,Kp')y^ 

(1.2) ^©(Kp0j^ 
(1,2),v®(<''p')w 
(l,2)^^(7e^;;'_p,)w 
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= (l-(^a,i)(a-l,6)^©(a + l,&);^ 

= ('^Kp,s)w 

= {l-5a,l){a-l,Kp')yy®{a+l,Kp')yy 
= 26a,l{Kp, S)y^ © 2Sa,p-l{i2 ■ k)p, s)yy 

©(1 - <5a,l)(K;,i'°)w ® (1 - Sa,p-l){Kt!s')w 
©(1 - 6r,l) (1 - 5r,p) {{K\^^,)^ ® {Kil,^p')w) 

= 2(5a,l(7^°Jp,);v ffi 25a,p-i(7e°;f2.^)p,)w 

©(1 - )W ® (1 - 5a,p-l){K;]^)y, (4.28) 

= (l-4,i)(a,&-l)^©(a,6 + l)w 

= (1 - <5fe,l)(Kp,6 - l)y^ © (kP,6+ l)y^; 
= i'^^r,Kp')w 

= "J.,! (■^"p°2)>V © ^3,p' {'Kll^p')w 

® (1 - Ki) (1 - ^s,p') {{Kp,s-i)w © iKp,s+i)yv) 
= 25b,i{r, Kp')y^ © 25by_i(r, (2 • K)p')y^ 

©(1 - <^6,l)(<t'')w © (1 - '^fcy-l)(<Kj')w 

= 2(^6,1 (7^^p°y)v^; © 24,p'-l(7^"2°K)p,p')w 

©(1 - <^m)(KpV)w © (1 - '^6,p'-i)(Kp'y )w (4.29) 



for all p e N. 



4.3 Fusion matrices and quotient polynomial fusion rings 

For every n E N, we introduce the polynomial 

Pnix) = [/3„-i(|)-3f/„_i(|) = 2(r24|)-l)[/„_i(|) = (x2-4)[/3_i(|) (4.30) 

where the rewritings are due to (|A.lip and (jA.lSp . These polynomials play an important role in the 
following description of Fund[yVCAi{p,p')] in terms of fusion matrices and in the description of the 
associated quotient polynomial fusion ring. The fusion matrix associated to ('7^)i/y G i'^pp^'^)w 
denoted by . For convenience of notation, we also introduce the fusion matrices X and Y by 

X = (l + <5^,i)iV(,_,)^, Y = iV(,,2)^ (4.31) 

The normalization of X is to ensure universality of notation. 

Proposition mi Modulo the polynomials Pp{X), Pp'{Y) and Ppy(X, Y) defined in (|i30|l and ([222]), 

the matrices 

N^^a,b)jX,Y) = C/„_i(|)C/,_i(|) (4.32) 



and 



N^.p,,)jX,Y) = ic/,,_i(|)^,_i(^) 
1„ .X,^^ ,Y, 



N^a,.p')JX,Y) = Ua-l{-)U^p>^^{- 



^(w')w(^'^) = -U^P-^iT)^p'-AT) (4.33) 



and 



= ^M^)Ni.p,s)jX,Y) 

^(KL'^J^'^^ ^ 4r,(|)iV(^,,,,)^(x,y)r,(^) (4.34) 

constitute a fusion-matrix realization of the W-extended fundamental fusion algebra Fund[W>CA4(p,p')] 
with the fusion multiplication <E) and direct summation © replaced by matrix multiplication and addi- 
tion, respectively. 

Proof First, we address how the separation property (j4.14p is respected by the proposed fusion 
matrices. In particular, every fusion matrix can indeed be factored as in the example 



2T. ) iV(.,,i)^ {X,Y)) (2iV(i,,. {X,Y)n{^ 



N,^a.o . {X,Y)N 0., {X,Y) (4.35) 
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In addition, the separation property implicitly assumes the existence of the fusion matrices 

^r.(f)t/.,_,(f))(^T,(|)C/.,,,..(I)) (4.36) 

Just as the identifications (|3.4p apply to certain representations, the corresponding fusion matrices are 
equivalent to each other modulo the polynomials Pp{X), Pp/{Y) and Pp^p/{X,Y) 

N,„a,/3 ^ = N,„a,l3 n = N,^a,fj ^ (4.37) 

^'^{k-k')p,p''W ^'^Kp,ii'p'>W ^'^p,{k-k')p'>W 

These congruences are trivial for k = k' = 1, while they are simple consequences of t/2p-i ( (t) ~ 

C/p_i (y) C/2p'-i (y) for K / k' . For k = k' = 2, they follow from 



= \TA^)U,^A^)U,p,_r{^) = \Tp{^)U,p^A^)Up,_,{^] 



-[y,p^i[-)+Up^,{-))Up,^,{-) ^ Up^,{-)Up,^,{-) (4.38) 

where the second congruence is modulo Pp{X). Completing the proof now amounts to establishing the 
proposition for the horizontal (described by X) and vertical (described by Y) components separately. 
Since the W-fundamental fusion algebra is generated from repeated fusions of (2, l)yy and (l,2)yy, 
every fusion can be realized in terms of multiple fusions of (2, l)yy and (1, 2)yy. Aside from performing 
linear combinations, every step in such a multiple fusion corresponds to a single fusion by (2, 1)^ or 
(l,2)yy. Combined with the separation observations, and since p < p', it thus suffices to verify the 
fusions involving (2, l)yy in terms of the fusion matrices. When considering (a, l)yy or {'n°^pi)y^-, we 
are implicitly assuming that a G and hence p > 1. We can therefore ignore the normalization in 

()4.3ip in those cases. We now have 

(2,l)w®(a,l)w ^ XUa-l{^) = (l-<5a,l)f/a-2(y)+f/a(y) 

^ {I -5a^){a- 1,1)^® {a + l,l)y^ (4.39) 



and 



11 X 



(:t^^(2.«)p-i (^)) + (1 - -Tr (^) U.p-,{^) 



2 • K 

1,0 



^ (5p,i(2.Nl)w® (l-^P,i)(^«pi)w (4.40) 
both in accordance with (j4.28p . The final fusion to examine is 



(2,l)H;0(7^:;,°l)w x-Ta{^)u.p-i{-) = -(r,_i(-)+r,+i(-))[/,p_i(-) (4.4i) 



2 X. X. _ 2/ ,X, „ ,X, 

-K.p,lJVV "-Ta[-:^)UK'p-i[ — ) — — I 

For a + 1 < p, this immediately yields 

25a,i{t^P, l)w © (1 - Ki) iK;i')w © (4.42) 
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while for a + 1 = p, we have 



= -Ta-l[ — )UKp-l[ — ) + 0K,lt/2p-l( — j + 2dK,2Up-l[ — ) 



,a-l,Ox 



<5a,i(KP, l)w © (1 - '^a,i)(Kp,l'°)w e 2((2 • k)p, 1)^ (4.43) 



Both of these results are in accordance with (|4.28p . 

□ 

It is noted that Pp{X) and Pp'{Y) are the minimal polynomials of the fusion matrices X and Y, 
respectively, while Pp^p'{X, Y) governs the merge of the X and Y components. How this last observation 
is related to the identities (13. 4p is detailed in the discussion of (I4.37P and (I4.38P . As an almost immediate 
consequence of Proposition Sjl, we have the following proposition. 

Proposition |4l,2 The W-extended fundamental fusion algebra Fund[WCA4{p,p')] is isomorphic to 
the polynomial ring generated by X and Y modulo the ideal {Pp{X), Pp'{Y), Pp^p'{X,Y)), that is, 

((l,l)w,(2,l)w,(l,2)w>py ^ C[X,y]/(Pp(X),Pp,(y),Ppy(X,y)) (4.44) 
The isomorphism reads 



iKp,b)w ^ P°V:,';,)w^^'"^^ " ^'^"'° ^"(y)^^p-i(y)^b-i(f ) 

iKf,p')^v - pol(^.,.,)^(X,y) = ^^T4|)C/.,_i(|)(2-5,,o)T,(|)[/,,_i(| 



4.4 Fusion matrices and fusion ring of Ont[yV C^A{p,p')] 

The fusion-matrix realization and its associated quotient polynomial ring of Out[yVCA4{p,p')] fol- 
low from those of Fund[W£Al(p,p')] in very much the same way as the similar constructions for 
Out[CM.{p,p')] follow from those for Fund[CA4{p,p')], see Section [2^ Thus, the W-extended ana- 
logues of Proposition [2j3 and Proposition [2j4 are here given as Proposition |ll3 and Proposition |114. 
Their proofs are simple adaptations of the proofs of the two propositions of Section 12. 2i 

Proposition [4l 3 Let {N(ii)y^^ 0^)w ^ (^^p°'^)wJ' ^ fusion-matrix realization of the W-extended 
fundamental fusion algebra Fund[yVCAi{p,p^)] in some basis, that is, some ordering of the elements 
{>Jppf^'^)y\}- For every (7^)yy S (<^p°jy*)w' matrix N(^-ji-^ is constructed from the fusion matrix 

Nin)^ G {%)^; (7^)^ G {J^^^^w} ^ {^m^-^ (^)w'e {J^;^^'')^} by deleting the rows and 
columns corresponding to the (p— l)(p' — 1) W-reducible yet W-indecomposable representations (a, 6)yy. 
The set {A^(7j)^; (7?.)yy € (Jp^j^*)yy} constitutes a fusion-matrix realization of the W-extended outer 
fusion algebra Out[WjCM{p,p')]. 
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Proposition |4l4 Corresponding to the elements (T^fj )w ^ (•^^jy*)w' polynomials 

''°'(«:;^l.).v'^'^'' = ^r^J'<.(f)f«P-i(f)(2-wi«(|)c,/-i(|) (4.46) 

generate an ideal of the quotient polynomial ring C[X, Y\/ {Pp{X), Ppi {Y), Pp pi{X, Y)). The W-extended 
outer fusion algebra Out[WCAi{p,p')] is isomorphic to this ideal. 

5 Enlarged system 

According to Proposition [Hi, explicit expressions for X and Y of Fund[>Vi2A^(p,y)] yield the explicit 
form of all the fusion matrices by polynomial constructions. However, even with the fusion rules for the 
W-fundamental representations (2, l)yy and (l,2)yy at hand, (|4.27p through (|4.29p . all natural choices 
of ordering of the elements of (J^pf'^)yy seem to leave the matrix realization of X or y rather messy. 
We propose to partly circumnavigate this technical problem by enlarging the basis. Keeping in mind 
that we are generally dealing with a triplet of interrelated entities (representations, fusion matrices and 
ring elements), this corresponds to the fusion-matrix perspective of an enlarged system. We start by 
describing this system from the representation viewpoint. 

It is primarily the identities (j3.4p which present a stumbling-block when choosing a suitable basis 
(ordering of the elements of {JlppJ^'^)y^) for the fusion-matrix realization of Fund[WCA4{p,p')]. It is 
therefore natural to attempt to treat all of the involved entities as independent 'representations' in the 
intermediate steps of evaluation. The set of these generalized representations is written 

i'^p,p^)yV = {i'^al)wA^Kp,b)wd'^a!l'p')w (5-1) 

and has cardinality 

\iJp,p')w\ = \{Jp7^)w\ + ^PP' = (3p-l)(3p'-l) = 9pp' - 3p - 3p' + I (5.2) 

We denote a generic element in (15. ip by (7^)yy. The ensuing enlarged fusion algebra 'Enl\yVCA4{p,p')] 
of the elements of (J^jfp/)w obtained by applying the separation property ()4.14|) and the fusion rules 
for the horizontal and vertical components, but without employing the identities (13. 4p . This means 
that the enlarged fusion algebra is isomorphic to the tensor product of the horizontal and vertical 
subalgebras of the fundamental fusion algebra 

Enl[W£M{p,p')] ^ ((1,1)h;,(2,1)w>p,p,x ((1,1)^,(1, 2)h;>p^p, (5.3) 

The horizontal fusion algebra, for example, is actually independent of p' and could therefore be denoted 
simply by ((1, l)yy, (2, l)yy)p. The fusion of two elements of ()5.ip is evaluated as in the formal example 

{Kf)^v^iK'f)w = ((^- f )w ^ (<f )w) ^ ^ {K,f')w) 

= (e(<i%)^(e«?:)w) 

i",a" j",l3" 

= © (<f )w (5.4) 

i",j",a",t3" 
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where we have mtroduced ® as the fusion multipHcation in Enl[W /l^A{p, p')]. 

From the polynomial-ring perspective, this enlargement corresponds to working with the tensor- 
product structure 

C[X,Y]/{Pp{X),Pp,{Y)) (c[X]/{Pp{X))) X (c[Y]/{Pp,{Y))) (5.5) 

clearly reminiscent of (|5.3p . This quotient polynomial ring indeed has 

deg(Pp)deg(PpO = (3p-l)(3y-l) = \{J^^^})y^\ (5.6) 

linearly independent generators, see Appendix |Bl and corresponds to a finite lift of the quotient poly- 
nomial ring C[X,Y]/{Pp{X), Pp>{Y), Pp^p>{X,Y)). The isomorphism between Enl[WCM{p,p')] and 
C[X,Y]/{Pp{X),Pp>{Y)) leads 



(K^Jw - pol(^...)^(X,y) = ^^T„(|)t/.,_i(|)^,_i(^) 

- Vo\^o,^^,jX,Y) = f/.-i(f)^T,(|)^.,,,_,(|) 
:Kf^.,)^ - ,oi^.iX,Y) = ^T.(f)f/.,.,(f)^T,(|)f/.,_,(|: 



The fusion rules underlying the enlarged fusion algebra Enl[VV£A1(p, p')] thus also follow from the 
multiplication rules of C[X,Y]/{Pp{X), Pp:{Y)). 

Every ordering of the set ()5.ip provides a basis in which we can realize the enlarged fusion algebra 



Enl[WCM.{p,p')] in terms of enlarged fusion matrices, here denoted by E'^^^ where (7^)yy G (^jfp'')w 
It follows that 

where the fundamental, enlarged fusion matrices X and Y are given by 

^ = (l + 5p,i)%o,0)^, Y = i^(^„,0)^ (5.9) 

We stress that X and Y are formal entities in ring considerations such as (j5.7p . while X and Y are 
enlarged fusion matrices in (|5.8p and (|5.9p . 

It is recalled that the identities (j3.4p . on one hand, and the polynomial Ppp'{X,Y), on the 
other, govern the merge of the horizontal and vertical components resulting in Fund[WCA4{p,p')] 
and C[X,Y]/{Pp{X),Pp:{Y),Pp^p,{X,Y)), respectively. 

As a side remark, we note that the number of linearly independent generators of the quotient 
polynomial ring C[X,Y]/{Pp{X),Pp'{Y)) given in ()5.6p is exactly twice the dimension of the maximal 
representation of the modular group discussed in [13] . 

5.1 Fusion matrices revisited 

To utilize the enlarged basis when discussing the fusion-matrix realization of Fund[Wi2Al(p,p')], we 
need to construct two rectangular matrices: in the language of the associated ring structures, one 
lifts from C[X,Y]/{Pp{X), Pp>{Y), Ppy{X,Y)) to C[X,Y]/{Pp{X), Pp>{Y)); the other projects back 
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down onto ClX^Y]/ [Pp[X),P,pi{Y)^Pp.pi[X,Y)). That is, we wish to devise a pair of matrices R,L 
intertwining between the matrix reaUzations -^{7^)^ and ^[H) 

= L^iiD^R (5-10) 

where ('^)yy € {J^p})y^ is a hft of (in the class of) (7^)yy G {•^p^^'^)w Before describing L and R, let 

us introduce the projection p which maps (^)y^; G (c^^p/)w *o (^)w ^ ('^jx™'^)w ('^)w ^ ^^^^ 
(7^)yy, that is, 

P((^"f)w) = (^^"f)w, (^•f)we(J^;/)w\{(K;iy)w} (5.n) 

The map p is an epimorphism (surjective homomorphism) from Enl[>Vi2A^(p,p')] to Fund[Vy>CA4(p,p')] 
since 

p((7^)H;®(7^')w) = p((7^)w)®p((7^')w) (5-12) 

We also introduce the involution 7 whose action on the elements in (J^p/)w is given by 

^((^kp'^k'p')w) = i^{2%p,{2-K.')p')y^ 

7((^)w) = (^)w, (^)we(:^^p"'V\{(K;iv)w} (5.13) 

Selecting bases for the fusion-matrix realizations of Pund[W£A^(p,p')] and Enl[yV£A1(p,p')], 
corresponds to choosing among the many obvious bijections between [Jp^f^)-^ and Zi^7pp/_3p_3p/4.i and 
between {J^p})y^ and 1'i^'jpp' -zp-Zp' +i- These simply describe separate permutations of the elements 
of {Jp^f'^)y^ and (Jpy')w Let X,fi,iJ e '^ijpp'spSp'+i and X,fl,D e Zi^9pp'-3p-3p'+i such that and 
fl, for example, correspond to (71)^^ € (./jfp''^'^)w a lift ('^)w ^ ('^}fp'')w thereof, respectively. We 
can then express the fusion matrix Nx in terms of the enlarged fusion matrix as 

where is a free parameter for each row index fi. Here, we have extended 7 and p, by composition 
with the selected bijection above, to an involution on the set Zi^9pp/_3p_3p/+i and to a projection from 
^i,9pp'-3p-3p'+i to Zi jpp/_3p_3p/_|_i. Without loss of generality, we choose p < j{p). To write (|5.14p in 
the matrix form (|5.10p . we introduce the |(J^™'^)wl ^ l(>^jfp'')wl"™^trix L with entries 

1, if p(i>) = p and = v 

c^, if p{D) = p and 7(P) > 9 

1 — c^, if p{v) = p and '^{v) < v 

0, otherwise 



and the \{J^^)y^\ x |( Jp^^J^<i)^|-matrix R with entries 

^ 1 0, otherwise 

The matrix is a sparse binary matrix of full column rank. We stress that (jS.lOp is valid for every lift 
A of A and recall that there is either one (if 7(A) = A) or two (if 7(A) 7^ A) distinct lifts of A. 
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5.1.1 Intertwining by pseudoinverses 

There is a canonical choice for L, namely the one where = ^ for all fi in (jS.lSp . that is, 



r ^ 



1, if p(v^ = n and 7(z>) = z> 

^, if p{i') = /i and 7(z>) / z> (5-17) 

0, otherwise 



This matrix L has full row rank. The reason for singling out this matrix is explained by Proposition [31 
below. Before getting to this, we recall that for every n x m matrix A, there is a unique matrix 
satisfying the four Penrose equations (see [IB], for example) 

AA^A = A, A^AA^ = A\ {AA^)* = AA\ (A^A)* = A^A (5.18) 

where A* denotes the conjugate transpose of A. The matrix A^^ is called the Moore-Penrose inverse, or 
pseudoinverse for short, of A. Clearly, A^ is an m x n matrix, and if A is nonsingular, then = A~^. 
It also follows readily that AA^ and A^A are projection matrices. Furthermore, if A has full column 
rank, then A* A is invertible and A'' = {A* A)~^ A* implying, in particular, that A^A = I. 

Proposition [Si The \iJp^pJ"^)yv\ x l(^py^)wl-™atrix L, defined in ([KTZ]) . is the Moore-Penrose 
inverse of the \{'Jpp^)\y \ x \{J^pp^'^)y\;\'^^^^^^ defined in ()5.16p . and is given in terms of R by 

L = {R^Ry^R^ (5.19) 

Proof Since R is real and has full column rank, we have = {R^R)^^R^. A straightforward 

evaluation of this expression then verifies (|5.19p . 

□ 

That L is the Moore-Penrose inverse of R also follows immediately from the observations that 

LR = I (5.20) 

where / is the {7pp' — 3p — 3p' + l)-dimensional identity matrix, and that the entries of RL are given 
by 

1, ii i> = fl and 7(i>) = i> 



^ ii v = jl and 7(P) ^ v 

2, \i u ^ ji and 7(P) = fi 

0, otherwise 



r ::: (5.21) 



This clearly yields a symmetric matrix, as required by one of the Penrose equations, since the idempo- 
tency of 7 ensures that the condition 7(P) = /i is equivalent to 7(/i) = P. 
We can use (j5.2ip to determine the rank of RL, and we find 

rank{RL) = rank{L) = rank{R) = \{Jp^f'^)y^\ (5.22) 

Since L has full row rank and R has full column rank, this implies that RL is written as a full-rank 
factorization. The matrix RL also encapsulates rather explicitly the action of 7 since 

(2RL-I)v = jiv) (5.23) 

where 7 acts componentwise on the vector v and has been extended by linearity. 
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5.2 Explicit fusion matrices 

Recalling the sets {pol(^)^ (X, Y); (7^)^ G (^py°'')w}' defined in gSS]), and {pol(^)^ (X, Y); (7^)^ G 
(^py^)w}' defined in ([SZD, we note that 

{pol(^) (X,y); (TZ)^ G £ (poW) (X,y); {K)^ e (:^py')w} (5.24) 



and that 

modulo Ppy(X, y). We also observe that the fundamental fusion matrices X and Y are given by 

X = LXR, Y = LYR (5.26) 



Lemma [5], 2 For every 

(^)w e (Jpy')w and modulo Pp,p>{LXR, LYR), we have 
pol(^)^ (LXi?,Lyi?) = Lpol(^)^ (x,y)i? 

where L, i?, X and Y are defined in I^JT}, ([^1^ and ([^ . 
Proof We not only have 



N 



LE^^yR = Lpol(^^ {X,Y)R 



but also 

N 



p{Ww) 



pol 



iX,Y) = pol 



P(Ww)(^^^'^^^) " pol(^)^ (LXfi,Lyi?) 



modulo Pp^p,{LXR,LYR). 
□ 



(5.27) 



(5.28) 



(5.29) 



Due to the tensor-product structure of ()5.3p . it is easier to construct the generalized fusion matrices X 
and y explicitly than the fusion matrices X and y. The somewhat intricate combinatorics underlying 
the construction of X and Y for general p,p' will be discussed elsewhere. The fusion matrices ^cr.)^ Sire 
subsequently obtained in one of two straightforward ways: (i) by applying Proposition [Hi to X = LXL 
and y = LYR, or (ii) by sandwiching between L and R the result of applying (jS.Sp to X and Y directly. 
The matrices X and Y can, of course, also be read off directly from the fusion rules in Section 14.2.11 



6 Fusion-algebra epimorphisms and quotient polynomial rings 

We have already encountered an example of a commutative diagram like 

A . Q 




(6.1) 
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with morphisms between fusion algebras and polynomial rings. Here, ^ is a fusion algebra, Q is a 
(quotient polynomial) fusion ring, (p and (j) ^'^^ isomorphisms, is an algebra epimorphism whose 
kernel is the equivalence relation ~, while vr is the projection whose kernel is the equivalence =. 
Indeed, the epimorphism p, introduced in Section 15.11 defines the equivalence relation ~ on ( Jp^p/)w 

by (^)w ~ (^')w P((^)w) ~ /'((^Ow)- This corresponds to imposing the identities (|3.4|) and 
hence to quotienting the (quotient) polynomial ring C[X,Y]/{Pp{X),Ppi{Y)) by the ideal generated by 
Pp^pi{X,Y). The projection tt then maps the elements of C[X,Y]/{Pp[X),Ppi(Y)) to their respective 
classes in C[X,Y]/{Pp{X),Pp,{Y),Pp,p.{X,Y)). 

The homomorphic property of ■0 in (|6.ip is required to ensure the intuitive notion of 'compatibility' 
of the two fusion algebras, while the surjectivity of tp merely reflects that we are dealing with a 
partitioning into equivalence classes. If the right (lower) edge of a commutative diagram Di matches 
the left (upper) edge of another commutative diagram D2, the two diagrams can be concatenated 
horizontally (vertically) by identifying the matching edges. The horizontal (vertical) maps extending 
across a pair of identified vertical (horizontal) edges are obtained by simple compositions: 9912 = f2°fi 
and (/)i2 = (t)2°4>i ("012 = "02 o -01 and -K12 = vr2 o vri). 

It is beyond the scope of the present work to examine general commutative diagrams of the form 
(j6.ip related to logarithmic minimal models. We will not, for example, attempt to classify which 
projections vr arise from taking a quotient with respect to a set of polynomials {/i,...,/n} in the 
elements of Q, that is, where the equivalence relation = corresponds to algebraic congruence modulo 
the polynomials /i, . . . , /„ 

vr: Q ^ Q/(/i, •••,/«) (6.2) 

This section concerns the description of certain commutative diagrams only. Of particular interest to 
us are the situations where both isomorphisms and either 01 tt are known, in which case the a priori 
unknown map follows from 

1p = (p^^ OTTOyj, TT = (p o 1p O (f~^ (6.3) 

We conclude this introduction by stating the existence of a 'maximal lift' of Proposition [2l 2 and 
Proposition m 2 to 

(sl(2) X sl(2))p^^, ^ C[X,Y] (6.4) 

whose details and dependence on the labels p and p' will be discussed elsewhere in connection with 
the combinatorics alluded to at the end of Section [5l This gives rise to a partial ordering of the set 
of pairs A,Q appearing in the commutative diagrams (j6.ip . From lattice considerations, however, we 
believe there exists an extension of the fundamental fusion algebra, called the "full fusion algebra" of 
CM{p,p') in [21 [3], not obtainable from the maximal lift by an algebra epimorphism. We conjecture 
that more variables than X and Y are required in their fusion-ring descriptions, and hope to address 
this again elsewhere. 

6.1 ¥vM(l\WCM.{p,p')\ as a quotient of Fund[£7W(p,p')] 

As a consequence of Proposition [2j2 and Proposition |4l2, the W-extended fundamental fusion algebra 
can be viewed as a 'finitization' or 'finite version' of the fundamental fusion algebra in the Virasoro 
picture. The details of this allegory are the content of Proposition [6ll below. 

Proposition [6ll Let 99 be the isomorphism 

¥nnd[CM{p,p')] - C[X,Y]/ {Pp^p,{X,Y)) (6.5) 
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in Proposition [212, and let be the isomorphism 

ct): Fund[W£A^(p,p')] ^ C[X, y]/(Pp(X), Pp, (Y), P^y (X, y)) (6.6) 
in Proposition 212. With vr being the projection 

vr: c[x,y]/(Ppy(x,y)) - (c[x,y]/(Ppy(x,y)))/(Pp(x),Pp,(n) (6.7) 

and V' the map from Fund[£A^(j),p')] to Fund[W/^A^(p,p')] defined by 

V^((a,6)) = (a,6)^, V'(7^5Ll)J = (2fc - l)(7^^;f )^, = 2M7^^;)w 

= (2fc-l)«,,^)w, ^Ki') = 2M7^:^2^,)w(6.8) 

we have the commutative diagram 

Yund[CM{p,p')] . C[X,y]/(Ppy(X,y)) 



Fund[W/:7W(p,y)] 




X, y]/(Pp(x), Pp, (y), Ppy (X, y)) 



(6.9) 



Proof Since the form of the lower-right corner is an immediate consequence of 

c[x,y]/(Ppy(x,y)))/(Pp(x),Pp,(n) ^ c[x,y]/(Pp(x),Pp,(y),Ppy(x,y)) (6.10) 



completing the proof amounts to demonstrating that the map if) in (j6.8p is the algebra epimorphism 
from Fund[>CA1(p,p')] to Fund[W£A^(p,p')] satisfying (j6.3p . We straightforwardly have 

0-io^o^((a,6)) = (^)[7,_i(|)) = 0-i([/„_i(^)c/,_,(^)) = (a,&)^ (6.11) 



in accordance with the first equality of (16. Sh . Using Lemma [All, we also have 

,x,, . , ,y 



vr o (7^' 



(2fc-l)p,sJ 



,-1 



,y 



vr((2 - 5«,o)r4-)C/(2fe-i)p-i(y) (2 - <5^,o)r^(-)[7,_i(-) 
^ o vr((2 - 5,,o)T4^)(2fc - l)C/p-i(y) (2 - 5^ o)T^ (^) (I] 



(2A: - l)(7^"'^ 



(6.12) 
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and 



r'ono ^(7e^4) = <^-i o vr((2 - 5,,o)r4-)C/2fcp_i(-) (2 - 6p,o)M-)Us.,{-)) 
^ o vr((2 - 5o.,o)T4^)kU2p-i{^) (2 - 5^3,0) 7>(^) (^)) 

= 2fc(^^!i)w (6.13) 

in accordance with the second and third equahties of (16.81) . The remaining two equahties of (I6.8[l foUow 

similarly. 

□ 

6.2 A quotient of Fund 

In this section, we let A = Fund[W CM{p,p')], Q = C[X,Y]/{Pp{X), Pp,{Y), Pp^p>{X,Y)) and the 
isomorphism ip in (j6.ip be given as in Proposition |3l2. To each partitioning of (J^pJ^'^)^, there is an 
equivalence relation on A and an associated set of equivalence classes. Many of these do not seem to be 
of interest from a fusion-algebraic point of view, but some are. For simplicity, we here restrict ourselves 
to situations where vr in ()6.ip is the projection corresponding to a triplet of polynomials fi{X), f2iY) 
and /3(X, y) which are divisors of Pp{X), Pp'iY) and Pp^p'{X,Y), respectively, 

h{X)\Pp{X), h{Y)\Pp.{Y), h{X,Y)\Pp^p,{X,Y) (6.14) 

It then follows that 

Q/(/i(x),/2(y),/3(x,y)) c[x,Yy{h{x),h{Y),h{x,Y)) (e.is) 

and a natural objective would be to determine an admissible triplet ip, Aj ^ and </) completing the 
commutative diagram ()6.ip . Such a triplet is in general not unique. 

The example to be discussed here could be introduced without motivation. According to |19j . 
though, it does play an important role as the algebra of the fusion matrices obtained from a Verlinde 
formula applied to the modular S matrix of the set of so-called projective characters in W>CA4(p,p') [T3l 
[15] . This algebra is also related to the fusion algebra arising from lattice considerations when omitting 
the so-called disentangling procedure [l5], see Section [6.2.11 below. 

Here, we leave this motivation aside and simply introduce the (p -|- l)(p' + 1) generators 

T^jj, i G Zo,p, j G Zoy (6.16) 

subject to 

l-iij = Hp^i^p'^j (6.17) 
This yields a set of ^{p + ^){p' + 1) linearly independent generators of the algebra 

(^^.>py (6-18) 

whose multiplication is denoted by *. In due time, this is the algebra to be identified with in the 
lower-left corner of the commutative diagram (j6.ip . Two of the generators of (|6.18p are special and are 
also denoted by 

I = Wo,o = T~(-p,p', C = Hpfi = Hq^p' (6.19) 
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The associated multiplication rules are 

I*TCij = "Hij, C*Hij = Hp-ij = "Hi^p'-j (6.20) 

in particular, 

C*C = I (6.21) 

and we recognize I as the identity of the 7Y-algebra while C is seen to act as a conjugation operator. 
The horizontal and vertical multiplication rules (of the p — 1 and p' — 1 generators Tiafi and TCo^b, 
respectively) are given by 

'Haft * T~i-a',0 = (l + ^a,a')T~(-\a~a'\fi + (l + '^a+a',p)-f^p-|p-a-a'|,0 

"7^0,6 * "7^0,6' = (l + h,b')'HQ^\b^y\ + (l + ^b+b' ,p')'^0,p' -\p' -b-b'\ (6.22) 

The two sectors are merged according to 

ni,o*no,j = Hij (6.23) 
thus resulting in the multiplication rules (for the ^{p — l)(p' — 1) generators Ti.a,b) 

'Ha,b * 'Ha',b' = (l + ^a,a') (l + h,b')'H\a-a'\,\b-b'\ + + ^a+a' ,p) (l + h+b' ,p')'Hp_\p_a-a'\,p'-\p'-b-b'\ 
+ (l + ^a,a') (l + ^b+b' ,p')'H\a-a'\,p'-\p'-b-b'\ + (l + ^a+a',p) (l + ^b,b')'Hp^\p^a-a'\,\b-b'\ 

(6.24) 

It follows that this 7^-algebra is generated from repeated multiplications of the two fundamental gen- 
erators Hifi and 7^o,i in addition to / or equivalently C 

= (^>^i.o,Wo,i)py = (C^,Wi,o,Wo,i>py (6.25) 
Turning to the ring side of affairs, we introduce the polynomials 

Hnix) = r„+i(|)-r„_i(|) = (r2(|)-i)t/„_i(|) = 1(^2 -4)c/„_i(|) (6.26) 

and 

Hn,n'{x,y) = r„(|)-r„,(|) = i(f/„(|)-[/„_2(|))-l(c/„,(|)-t/„,_2(|)) (6.27) 

We note that they divide the polynomials Pn{x) and P„^„/(x,y), respectively, since it follows from 
([2:22]) and (OOj) that 

Pn{x) = 2C/2_,(|)F„(X), Pn,n'{x,y) = Un-l{^)Un' -li^) H^,n' {x , v) (6.28) 



Proposition [6l2 The W-algebra is isomorphic to the polynomial ring generated by X and Y modulo 
the ideal {Hp{X), Hp'{Y), Hp^p/{X,Y)), that is, 

(1,7^1,0, 7^0,1 ^ C[X,Y]/{Hp{X),Hp,{Y),Hp^p,{X,Y)) (6.29) 

The isomorphism reads 

Hij ^ pol^^^(X,y) = {2-6,,o-Si,p)Ti{^){2-6,,o-Sj,p')Tj{^) (6.30) 
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Proof The map (|6.30|) provides an obvious bijection between the tensor-product structure 

C[X,Y]/{Hp{X),Hp,{Y)) ^ (c[X]/{H,{X)))x(c[Y]/{Hjy{Y))) (6.31) 



and the hft of the 7Y-algebra defined by not imposing the condition (|6.17|) . Using Lemma [XI 2. we see 
that imposing ()6.17p corresponds to quotienting by the ideal {Hp.p'{X,Y)) since 



(mod Hp{X)) 

{mod Hp,p,{X,Y)) 
(mod Hp>{Y)) 

= polnjX,Y) (6.32) 
In addition, we observe that polj^,^^. ^{X) = pol/(X)pol^^ (X), 

polc,H.,oW = PoV.oW = {2-^,,o-6^,p)Tp.^{^) = Tp{^){2-^,,o-6^,p)T,{^) 

= polc(X)pol^^_„(X) (6.33) 





'i.O — ^i,p)Tp^ 


-i(y)(2-'5i,o 


Y 

-6jy)Tp>^j{—) 




- (2-c 


'j,0 — ^i,p)Tp\ 


:f)T.(f)(2- 




:|) 


- (2-c 


'i,0 — ^i,p)Ti{ 


:f)(2-^,,o- 


Y 

^j,p')Tp'{^)Tp'-j 




- (2-c 


k,0 — Si,p)Ti{ 


;f)(2-5.o- 


Y 

^j,p')'^j{-^)^ 





and 



= 22|,_,,|(|)+2V|,_,_,,|(|) = 2r,(|)2r,,(|) 

= pol^^„(X)pol«^,^(X) (6.34) 

where the congruences are modulo Hp{X). This establishes the homomorphic property of the map 
on the horizontal component, with the vertical component following similarly. Finally, the polynomial 
analogue of the separation property ()6.23p trivially reads 

pol„^^(^)pol„^^,(y) = pol^^^(X,y) (6.35) 

□ 

We note that X and Y are the isomorphic images of the two fundamental generators 

Hi,o ^ , ,\ X, no,i ^ Y (6.36) 

We also note that the polynomial Hp pi{X, Y) = Tp{X) — Tpi(Y) corresponds to equating the horizontal 
and vertical ways of realizing the conjugation C 

Tp{X) ^ Hpfl = C = no,p' ^ Tp,{Y) (6.37) 

Proposition [6l3 Let ip be the isomorphism 

if: Fnnd[W CM{p,p')] ^ C[X,Y]/ {Pp{X), Pp,{Y), Pp,piX,Y)) (6.38) 
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in Proposition m 2, and let be the isomorphism 



0: (/,Hi,o,Ho,i>pp, ^ C[X,Y]/{HpiX),Hp,iY),Hp^p,{X,Y)) (6.39) 

in Proposition [6l 2. With vr being the projection 

vr : C[X,Y]/{Pp{X),Pp,{Y),Pp^p>{X,Y)) 

[C[X, Y]/{Pp{X) , Pp, (Y) , Ppy {X, Y)))/{Hp{X), Hp, (Y) , i^^y (X, y )) (6.40) 

and tp the map from Fund[VV£A1(p,p')] to "^^1,0) '^o,i)p,p' defined by 

a-l b-l 



V'((7^: 



a,0 



p+e{a+(K-l)p)-l 6-1 
a~l p'+e(/3+(K-l)p')-l 



p+e(Q+(K-l)p)-l p'+e(/3)-l 

V'((K;^o>v) = (2-M(2-M E E ^ 



(6.41) 



we have the commutative diagram 
Fund[yV CM{p,p')] 



7^1,0, ■Ho,l)py 



C[X,Y]/{Pp{X),Pp,{Y),Pp^p,{X,Y)) 



vr 



C[X, Y] I (HpiX), Hp, (y ) , Hp^p, (X, Y)) 



(6.42) 



Proof It follows from the division properties indicated in (j6.28p . see ()6.14p and (j6.15p . that 

'C[X, Y] I {Pp{X) , Pp, (Y) , Ppy {X,Y)))/{Hp{X),Hp, (Y) , Hp^p, {X, Y)) 
~ C[X, Y]/{Hp{X),Hp, {Y),Hp^p, {X, Y)) 

giving rise to the form of the lower-right corner of (j6.42p . We also have 

a-l b-l 



(6.43) 



r'o7To^{{a,b)^) = r'ovr(pol(,,,)^) = = E^M (6-44) 



« 3 
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and 



2k " V " V 2 ^ ^ 2 ^ ^ 2 

p+e(a+{K-l)p)-l 6-1 

= (2-,5,,o) (6.45) 

i j 

where we have used Lemma lAl3. in particular. These results are in accordance with (j6.4ip . and the 

remaining two expressions in (I6.4ip are recovered similarly. 

□ 

Recalling (j3.4p . we note that 

i^HKiM = ^((^w)w)> i^{iKp%')w) = V'((Kf')w) (6.46) 
are consequences of 

p+t{a+{K-l)p)-l p'+e{l3+{tt'~l)p')-l p+e{a+{K-l)p)-l p' +t{f3+{K' -l)p')-l 

'^hj = ^ ^ 'Hp-i,p'-j 

i j i j 

p+e(a+Kp)-l p'+e{/3+K'p')-l 

where the two rewritings are due to ()6.17p and a change of summation variables, respectively. 
6.2.1 Without disentangling in the lattice approach 

The identities (I6.47P are indicators of an underlying structure. To appreciate this, we introduce the 
linear combinations 

r^-^'° = X;^^,o, rP'° = 1:^.0, rO'^'-^ = J^no,, r^'^' = E^^o,, (6.48) 

i i j j 

satisfying 

c * r^-^'° = 1^'"'°' ^ ^""^ , c * r^'O = 1^''°' , ^ (6.49) 

IrP'O, podd IrP-i'O, podd 



with similar results for the vertical fusions C * T^'^' ^ and C * T^'^' . We also find that for p even 
while for p odd 

pp,o ^ pp,o ^ pp-1,0 ^ pp-1,0 ^ prP"^'°, rP'° * rP"^'° = pr^'" (6.51) 

again with similar results for the vertical components. With T^'^' defined by 

r^/ = r^.o^po/ ^ i'eZp,.,^^, (6.52) 
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it follows from C * C = I that 

r^/ = (c*r^'0) * (c*ro.^') (6.53) 

and hence that 

PP,P' = YP'P'-\ FP-^'P' = rP-^'P'-\ p even, p' odd 

YP,P' ^ YP-^'P', FP'P'-^ = rP~^'P'~\ p odd, p' even 

TP'P' = TP-^'P'-\ TP-^'P' = TP'P'-\ p,p' odd (6.54) 

There are thus 6 linearly independent F's for p > 1 but only 4 for p = 1. Cayley tables of the associated 
fusion algebras are easily completed and depend on the parities of p and p' . 

We now recognize the identities (I6.47[) as the sums behind (j6.54p and furthermore observe that 

HiK'p,i)w) = (2-5.,o)r^'+^("+(''-^)^)-^'°, HiKipM = (2-5^,o)rO'^'+^(^+(''-^)^')-^ (6.55) 
and, in accordance with (16.521) . that 

= (2 - 5a,o) (2 - 6f3,o) rP+<")-i'P'+^('3+(-i (6.56) 

where ip is the epimorphism (j6.4ip in Proposition [6l3. 

A particular lift of the F-system already appeared in [15], as we will discuss presently. From the 
lattice, certain direct sums of W-indecomposable representations arise naturally without employing the 
disentangling procedure. This procedure was actually designed and introduced exactly to distinguish 
between the representations in these direct sums. Following [15], we thus consider 

p-2 

(^,l)w = 0(p-«){(^p:i)w®(^^°i)w} 

a 
p-1 

(0,l)w = 0(p-«){(K:i)w©(^^°i)w} (6.57) 

a 

for p even, and 

p-2 p-1 

= 0(p-«)(^;:i°)w®0(p-«)(^^°i)w 

a a 
p-1 p-2 

= 0(p-«)(^p,f)w®0(p-«)(^^°i)w (6.58) 

a a 

for p odd. Direct sums denoted by (l,£')yy and {l,0)y^ are defined similarly. Using (|6.55p . it is a 
straightforward exercise to verify that 

, //^ X \ |»^FP~^'°, p even , . |p^FP'°, p even 

l^p FP'", p odd \p^TP p odd 

with similar expressions for the images of (1, £)y^ and (1, O)^. By comparing these results with those 
of \T5], we observe that the six-dimensional (four-dimensional for p = 1) fusion algebra of the F-system 
is isomorphic to the fusion algebra of the £, O system 

{rp-''',rP'^,r''^'-\r^'^')^^^, ^ ((^,1)^,(0,1)^,(1,^)^,(1,0)^)^^^, (6.60) 
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On one hand, we expect [19] that the W-algebra, and hence the F-system, is generated by the Ver- 
hnde fusion matrices associated to modular transformations of projective characters, see the discussion 
preceding ()6.16p . On the other hand, we have just demonstrated that the F-system corresponds to the 
fusion algebra of the W-extended, Yang-Baxter integrable, boundary conditions prior to an eventual 
application of the disentangling procedure. It thus seems natural to conjecture that the class of mod- 
ular transformations just mentioned is linked to this set of 'fully entangled' boundary conditions. This 
question, however, will not be addressed here any further. 

6.3 Minimal models 

In this section, we show how the usual fusion algebra, here denoted by Fund[A4(p,p')], of the ratio- 
nal minimal model A4{p,p') [201 [2T] can be obtained from the fundamental fusion algebra of either 
CM{p,p') or WCM{p,p'). 

First, we recall that the minimal- model fusion algebra is isomorphic to the quotient polynomial 
fusion ring 

Fund[M{p,p')] ~ C[X,Y]/{Mp{X),Mp,{Y),Mp^p,{X,Y)) (6.61) 

where 

Mn{x) = C/n-i(|), M„,„,(x,y) = C/„_2(|) -C/„'-2(|) (6.62) 

The fusion-algebra generators Afa,b are subject to Mp-a,p'-b = -^afii and the isomorphism in (|6.61|) 
reads 

Ma,b ^ C/a-l(y)C/6-l(^) (6.63) 

It is stressed that it is the condition Mp-a,p'~b = J^a,b in Fund[7W(p,p')] which on the ring side corre- 
sponds to Mpy(X, y) = 0. We also note that 

Pn{x) = (x2-4)C/2_i(|)M„(x), Pn,n'{x,y) = (r4|) - T^, (|)) M„(x)M„, (y) (6.64) 

Considering the set 

{[a, 6]} ^ J^^'^XJ^,;^ ^ {Jp7^)w\{Jp,T)y^ (6.65) 
of cardinality |{[a, &]}| = [p — ^){p' — 1), we introduce the fusion rules 

p-|p-a-a'|-l p'-\p'-b-b'\-l 

[a, 5]* [a', 6'] = E [«"'^"] (6.66) 

aii = \a-a'\+l, by 2 b"=\b-b'\+l, by 2 

defining the fusion algebra {[a,h])p.pi. Since Out[£A^(p,p')] and Out[>V/3A^(p,p')] are algebraic ide- 
als of Fund[>CA^(j),p')] and Fund[W£A1(p, p')], respectively, we can form and study the quotients 
¥Mnd[CM{p,p')]/0\it[CM{p,p')] and Fnnd[WCM{p,p')]/0\it[WCM{p,p')]. 

Lemma[6l4 The quotients ¥vind.[CM{p,p')]/0\xi[CM{p,p')] and ¥vind[WCM{p,p')]/Ont[WCM{p,p')] 
are both isomorphic to the fusion algebra ([a,6])pp/, that is, 

¥nnd[CM{p,p)]/Ovii[CM{p,p')] ~ ¥vind[WCM{p,p')]/Ont[WCM{p,p)] ~ {[aM)pp, (6-67) 

Proof This readily follows by setting 

7^ = 0, 7^ G JpOf ; (7^)vv = 0, [U)^ G {Jp,p')v^ (6.68) 
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in Fund[CM. {p,p')] and Fund[W CM. {p,p')], respectively, and from 

(0,6) ^ {a,b)y^ ^ [a,b] (6.69) 

□ 

We note that both quotients in Lemma [6j4 are trivial for p = 1 since the sets in (|6.65p are empty in 
that case. 

Lemma [6l5 The fusion algebra ([a, 6])py is isomorphic to the quotient polynomial fusion ring 
C[X,Y]/{Mp{X),Mp,{Y)). The isomorphism reads 

[a, 6] - Ua-i{^)U,^,{^) (6.70) 

Proof This follows from ([6:66]) and (IX9l) . 

□ 

Proposition [6l6 Let (p be the isomorphism 

Fund[CM{p,p')] ^ C[X,y]/(Ppy(X,y)) (6.71) 
in Proposition [212, let (j) be the isomorphism 

cP: {[a,b])^^^, ^ C[X,Y]/{MpiX),Mp,{Y)) (6.72) 
in Lemma [6|5, and let a be the isomorphism 

a: Fnnd[M{p,p')] ^ C[X,Y]/ {Mp{X), Mp,{Y), Mp^p,{X,Y)) (6.73) 
in (|6.6ip and (|6.63p . Let vri be the projection 

TTi: C[X,Y]/{Ppy{X,Y)) ^ (c[X,y]/(Ppy(X,y)))/(Mp(X),Mp,(y)) (6.74) 
and let ^2 be the projection 

vrs: C[X,y]/(Mp(X),Mp,(y)) ^ (c[X,Y]/ {Mp{X), Mp,{Y))) / {Mp,p,{X,Y)) (6.75) 

With ■01 being the map from Fund[C^A{p,p')] to ([a,6])py defined by 

V'i((a,6)) = [a,b], i^i{n) = 0, 7e G ^O;;* C Jj-d (6.76) 
and -02 the map from ([a,6])py to Fund[A^(p,p')] defined by 

V'2([a,6]) = AA,,fe (6.77) 
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the diagram 



Fnnd[CM{p,p')] 



Fund[M {p,p' 




C[X,Y]/{Pp^p,iX,Y)) 



TTi 



x,y]/(Mp(x),Mp,(y)) 



vr2 



C[X,Y]/{Mp{X),Mp,{Y),Mp^p>{X,Y)) 



(6.78) 



is a commutative diagram. 

Proof It follows from the factorizations (j6.64|) that 

(c[X,Y]/{Pp,p,{X,Y)))/{Mp{X),Mp>{Y)) ~ C[X,Y]/ {Mp{X), Mp,{Y)) 

(c[X,Y]/{Mp{X))) X (C[X,Y]/{M,,{Y))){6.79) 



This explains the form of the middle fusion ring in (|6.78p . while the form of the lower fusion ring is 
obvious. Also, it follows from (jA.lip that 



2T,(|)[/fc„_i(|) = (modM„(x)) 
implying that o tti o ip{n) = ^^^O) = for 7^ G J^^^, while 



(6.80) 



r'o7riov.((a,6)) = 0-1 ovri ([/,_! (^)C/fe_i(^)) = </>-i([/,_i(^)C/,_i(^)) = [a,b] (6.81) 
This is in accordance with (j6.76p . Finally, we have 

a-^0 7r2 0^{[a,b]) = o 7r2{Ua-i{^)Ub-i{^)) = '^'\Ua-i{^)Ub-i{^)) = Ma,b (6.82) 

in accordance with (|6.77p . 
□ 



Proposition [6l 7 Let <f> be the isomorphism 

0: Fund[W CM{p,p')] ^ C[X,Y]/{Pp{X),Pp,{Y),Pp^p,{X,Y)) 
in Proposition m 2, let <j) be the isomorphism 

0: {[a,b])^, ^ C[X,Y]/{Mp{X),Mp,{Y)) 



(6.83) 
(6.84) 
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in Lemma [6l5, and let a be the isomorphism 

a: Fnnd[M{p,p')] ^ C[X,Y]/ {Mp{X), Mp>{Y), Mp^p,{X,Y)) 
in (j6.6ip and (|6.63p . Let tti be the projection 

vri : C[X,Y]/{Pj,{X),Pp,{Y),Pp^p,{X,Y)) 

^ (C [X, Y] I {Pp (X) , Pp> (Y) , Ppy (X, y )) ) / (Mp (X) , Mp> (Y)) 
and let 7r2 be the projection 

vrs: C[X,Y]/{Mp{X),Mp,{Y)) ^ (c[X, y]/(Mp(X), Mp,(y))) /(M^y (X, y)) 

With ijji being the map from Fund[W CM.{p,p')] to ([a,6])py defined by 

V'i((«,fe)>v) = V^i(Ww) = 0, iJSp')w ^ iJ")w 

and -02 the map from ([a,6])py to Fund[Al(p,p')] defined by 

^2 ([a, 6]) = A/;,fe 

the diagram 

Fnnd[W CM{p,p')] . C[X,Y]/ {Pp{X), Pp,{Y), Pp,p,{X,Y)) 



4^2 



Fund[M{p,p')] 




TTi 



c[x,y]/(Mp(x),Mp,(y)) 



7r2 



c[x, Y]/{Mp{x),Mp, (y), AV(x, y)) 



(6.85) 

(6.86) 
(6.87) 

(6.88) 
(6.89) 



(6.90) 



is a commutative diagram. 

Proof The proof is similar to the proof of Proposition [6l6. 
□ 

In partial summary, the fusion algebra of the rational minimal model M{p,p') can be viewed as 
Fund[M{p,p')] ~ (Fnnd[CM{p,p')]/0nt[CM{p,p)]^/Z2 

'Fnnd[WCM{p,p')]/Out[WCM{p,p)]) /Z2 (6.91) 



where the quotients by Z2 correspond to the equivalence relations identifying (a, b) with (p — a,p' — b) 
and (a, 6)yy with {p — a,p' — 6)yy, respectively. 
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7 Discussion 



The logarithmic minimal model CM{p,p') [T] contains a countably infinite number of Virasoro repre- 
sentations whose fusion rules are described in [21 [3]. These representations can be reorganized into a 
finite number of W-representations with respect to the extended Virasoro algebra symmetry W. Using 
a lattice implementation of fusion, we recently [111 [T5] determined the fusion algebra of these W- 
representations and found that it closes, albeit without an identity for p > 1. In this paper, we have 
provided a fusion- matrix realization of this fusion algebra and identified a fusion ring isomorphic to it. 
We have also considered various extensions of it and quotients thereof, and introduced and analyzed 
commutative diagrams with morphisms between the involved fusion algebras and the corresponding 
fusion rings. One particular extension is reminiscent of the fundamental fusion algebra of CAi{p,p') 
and offers a natural way of introducing the missing identity for p > 1. In this example, the complete 
set of supplementary fusion rules has been posited and shown to yield an associative and commuta- 
tive fusion algebra. We have discussed how working out explicit fusion matrices is facilitated by a 
further enlargement based on a pair of mutual Moore-Penrose inverses intertwining between the W- 
fundamental and enlarged fusion algebras. We have also detailed how the W-extended fusion algebras 
and the corresponding fusion rings can be obtained, using quotient constructions, from the infinite 
fusion algebras and corresponding fusion rings in the Virasoro picture. Two additional quotients have 
been examined. The first one introduces a fusion algebra of expected relevance [19j to modular trans- 
formations in the W-extended picture. The other one demonstrates how the fusion algebras of the 
rational minimal models [201 121) arise as the algebras of certain equivalence classes in the much richer 
logarithmic minimal models. 

We stress that the process of forming quotient constructions of fusion algebras by collecting rep- 
resentations in equivalence classes is in general incompatible with naive character considerations. Not 
only can two lifts of a given class have different characters, their conformal weights may differ by a 
non-integer fraction. 

After the introduction of our logarithmic minimal models [1], an alternative lattice-based de- 
scription of a family of logarithmic conformal field theories has emerged |22j . Critical percolation is 
considered there as a main example and an associated fusion algebra is presented. As discussed in [2], 
this fusion algebra corresponds to a particular subalgebra of the vertical fusion algebra ((1, 1), (1, 2)) 2,3 
which itself is a subalgebra of the fundamental fusion algebra Fund[£A^(2, 3)] of critical percolation. 

The fusion algebra of [22] can be generalized from critical percolation CA4{2,3) to £.M{p,p') as 
Fund[C M{p,p')] contains a similar fusion subalgebra. To appreciate this, we focus on the vertical 
components of Fund[£,Ai {p,p')] and the associated fusion ring by considering 

((l,l),(l,2)>p_p, ^ C[Y] (7.1) 

Since the product of two even polynomials in C\Y] is an even polynomial, the set of even polynomials 
in C[Y] is closed under multiplication. Keeping the isomorphism (j7.ip in mind, the natural description 
of this set depends on the parity of p'. For p' odd, in particular, the corresponding fusion subalgebra 
of ((1, 1), (l,2))py reads 

((l,2j - 1),(1,(2A; - l)pl,K''(^lk-i)pnK'X'-^ j e Z^,_^, k G N)^^^, (7.2) 

The isomorphism to the set of even polynomials in C[Y] is then constructed as the isomorphism given 
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in Proposition [212 restricted to the generators of (j7.2p 

(l,2j-l) ^ U2,-2{^) 

il,{2k-l)p') ^ U^2k-i)p'-i{^) 



n,2kp' ^ ^^■2j-L\ — )U2kp'-l{ — 

where j € Z, . As observed in [2], the fusion algebra of critical percolation discussed in ^22j is 
equivalent to 

((l,l),(l,6fc-3),7^?;^,_3,7^?;^,; fcGN)23 (7.4) 

which is exactly the fusion subalgebra (j7.2p of Fund[jCA1(2, 3)]. We thus conclude that the fusion 
algebra of [22j and its extension to £.Ai{p,p') are associated to the fusion rings of even polynomials 
(given in ()7.3p for p' odd), and we have the particular isomorphism 

(1,1) ^ 1, (l,6fc-3) ^ 7^?Jfc_3 (r'-2)C/6A:-4(^), Km ^ YUek-l{^) 

(7.5) 

in the case of critical percolation. 

From the perspective of our W-extensions of CM.{p,p'), there is a natural, algebraic candidate 
for a W-extension of the fusion algebra of [22] and its generalization to CM.{p,p') as described above. 
Reorganizing the Virasoro representations appearing in (j7.2p in W-representations, recalling that we 
have specialized to p' odd, we recognize 

ihp')w = 0(2A:-1)(1,(2A:-1)pO 

fcGN 

fceN 

iKii^')^v = ©2fe7^?;|;/ (7.6) 

fcGN 

discussed in Section 13.11 They generate the closed fusion algebra 

^' 2 

as a ^-dimensional fusion subalgebra of Out [>V/37W (p, p')] . In the case of critical percolation, the fusion 
rules of the three-dimensional fusion algebra (j7.7p 

((l,3)w,(<^)w,(<6)w)2.3 (7-8) 

(1,3)h;®(1,3)w = (1,3)^©(7^;;^)H; 
(1,3)h;^(<3)w = (1,3)h;®(<^)w = 2(1, 3)^ 9 2(7^;;^)^ 

(^iSw (^i;3)w = i'Ki)w ® i'^ii)w 

= iKi)w^iKi)w = 4(l,3)H;e2(7^?|)H;©2(7^J^)H; (7.9) 

It would be interesting to see if this algebraically motivated proposal for a W-extension of [22] actually 
admits a lattice realization within the framework of 1221 ■ 
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T^ifJ - 2T2,-,{-)U2kp'-i{-) (7.3) 



((i,pV, (<;0w, (<|r^)w; i G \^)p,p> (7.7) 



are given by 



37 



Acknowledgments 

This work is supported by the AustraUan Research Council. The author thanks Paul A. Pearce for 
helpful discussions and comments. 

A Chebyshev polynomials 

A.l Chebyshev polynomials of the first kind 



Recursion relation: 
Initial conditions: 
Examples: 



Decomposition of product: 



Tn{x) = 2xTn-i{x)-Tn-2{x), n = 2, 3, . . . (A.l) 
To{x) = 1, Ti{x) = X (A.2) 

T2{x) = 2x^-1 

T^ix) = 4x^-3x 

T^ix) = Sz^-S-T^ + l 

T5(x) = 16x^ - 20a;^ + 5x (A.3) 

Trn{x)Tn{x) = \(T\m-n\{x)+Tm+n{x)) (A.4) 



A.2 Chebyshev polynomials of the second kind 

Recursion relation: 

Unix) = 2xUn-i{x)-Un-2{x), n = 2, 3, . . . (A.5) 

Initial conditions: 

Uo{x) = 1, Ui{x) = 2x (A.6) 



Examples: 



Uoix) = 4x^-1 



Extension: 



Decomposition of product: 



^21 

H 

Uiix) = IGx"^ - 12x^ + 1 

U^ix) = 32a;^ - 32x^ + 6a; (A.7) 

U-i{x) = (A.8) 

j=\m-n\,hy 2 
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A. 3 Relating Chebyshev polynomials of the first and second kind 

The basic relation 

2Tn{x) = Un{x) - Un-2{X) 

generalizes to 

Un+m-l{x) - U\n-m\-l{x), 



2Tn{x)U^-i{x) = < 
Also, inverting (jA.lOp yields 



Un+m-l{x), 

n— m| — 1 (''^) ) 



n > m 
n = m 
n < m 



Um{x) = J2i'^-^ifi)Ti{x) 

i 

where we recall the convention ()1.4p . from which we deduce that 



1 



2T„(x)?7„_i(x) = ^ (2 - 5,,o) {T\n-i\{x) + r„+,(x)) 



' n+m—l 

E 2r,(x), 

i=|n— m|+l,by 2 

n+m—l m— n— 1 

E 2Ti{x)+ J2 2(2-<5,,o)T,(a 

^ j=|n— m|+l, by 2 i 



n > m 



n < m 



Some other useful relations are 

T^{x) = l + {x'-l)UtAx), 
and hence 



T2n{x)-1 = 2(r2(x)-l) = 2(x2-l)C/2_^(x) 

T2n+i{x) - X = 2(r„(x)r„+i(x) - x) = 2(x^ - 

A. 4 Congruences modulo Chebyshev polynomials 
Lemma [All Modulo the polynomial Pn{x) defined in ()4.30p . we have 

U^2k-l)n-l(l) ^ (2A:-l)C/„_i(|), C/2fcn-l(|) = kU2n-l{^) 



(A.IO) 



(A.ll) 



(A.12) 



(A.13) 



Tn{x)Tn+l{x) = X + {X^ - l)Un-l{x)Un{x) (A.14) 



(A.15) 



(A.16) 



Proof This follows by induction in k. Simple evaluations verify the statements for small A;, while the 
induction steps read 

X X X tJC 

U(2k+l)n-l{i:) = 2r2„(-)C/(2fc_l)„_l(-) - C/(2fe-3)n-l(7T) 



2' 

^ 2r2n(|) {2k - l)Un-l (|) - {2k - 3)Un-l (|) 

= {2k - l)(c/3„_i(|) - [/n-l(|)) - {2k - 3)[/„_l(|) 



{2k + 1)U, 



(A.17) 
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and subsequently 



tjC tjO tic 

U2(k+l)n-l{lj) = 2r„(-)?7(2A,.+l)„_l(-) - t/2A;n-l(-) 

^ 2r„(|)(2A; + l)^„„i(|)-fcC/2„_i(|) 
= (2A: + l)C/2n-i(|) -A;C/2„-i(|) 

= (A; + l)C/2„_i(|) (A.18) 

□ 

Lemma lAl2 For i G Zg.n and modulo the polynomial Hn{x) defined in (j6.26p . we have 

r„(|)r.(|) = r_(|), r.+,(|) ^ r_(|) (A.19) 

In particular, T2„(§) = r„(f)r„(f) = 1. 

Proof Both congruences in (jXT9]) follow by induct ion in i. They are readily verified for small i, 
while the induction steps read 

ajO tjC { tZ/ tZ' \ tZ/ tZ/ 

T„(-)Ti+i(-) = r„(-)(^xri(-) -r,_i(-)j = xT„_i(-) - = T„_i_i(-) 

r„+i+i(|) = a;r„+i(|) -T,+,_i(|) EE xr„_,(|) -r„_i+i(|) = T„_i_i(|) (A.20) 

n 

Lemma [Al3 For n G Zo,m-i and modulo the polynomial Hmix) defined in (|6.26p . we have 

m+€(n+(K— l)m) — 1 

2r„(|) (|) = Yl 2k{2 - 6ifl - 6,,m)Ti{^) (A.21) 

Proof The congruence for k = 1 follows by application of LemmalAl2 to (jA.lSp . The congruence for 
K = 2 is subsequently obtained by applying the result for k = 1 to 

2r„(|)C/2^_i(|) = 2(r„+„(|) +T^_„(|))c/^_i(|) = 4T„_„(|)C/„_i(|) (A.22) 

□ 



B Quotient polynomial rings 

Here, we present our notation for quotient polynomial rings and recall a couple of their simple proper- 
ties. By 

K[xi,...,xe]/{h,...,U) (B.l) 

we denote a quotient of the polynomial ring . . . ,xe] over the field K where the ideal, with re- 

spect to which the quotient is formed, is specified by a collection of generators (polynomials) G 
K[xi, . . . ,X£]. A further quotient construction by the ideal {gi, . . . ,gm'), whose generators are elements 
of IfC[xi, . . . , Xi]/ ifi, ... , fm), can be written 

{K[xi,...,Xe\/{fi,...,frn))/{9l:---,gm') ^ K[xi, Xi]/ {fi, ... Jrn, 9l, 9m') (B.2) 
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Here, gi is a lift of gi, that is, it is any element in . . . ,Xi] whose class in (IB.ip is gt. With a slight 

but natural abuse of notation, we will denote gi simply by g^. 

The characterization of the 'combined' ideal in (|B.2p can often be simplified. Of particular interest 
here, are the cases where m' = m and gi is a (not necessarily proper) divisor of fi for \/i G TLx^m- In 
such a case, we simply have 

{fl,---,fm,gi,---,gm) ^ {91, ■■■,9m) (B.3) 

and hence 

^ K[xi,...,x^]/{gi,...,gm) (B.4) 

We are mainly interested in the case where K = C and 1 = 2. For simplicity, we may thus write 
X = xi and y = X2. The number of linearly independent generators of <C[x, y\/ (/i, . . . , fm) is equal to 
the number of inequivalent monomials in x and y (including x^y^ = !)• First, for m = 1 with a single 
non-trivial polynomial /i, the number of linearly independent generators of C[x,y]/(/i) is infinite. 
Second, we let m = 2 and assume that the two non-trivial polynomials are of the form fi{x) and /2(y)- 
The quotient ring (jB.ip then corresponds to the tensor product of the two quotient polynomial rings 
C[x]/(/i) and C[y]/(/2). The number of linearly independent generators of this ring C[x, y]/(/i, /2) is 
given by deg(/i)deg(/2). 

Partly to illustrate how sensitive a quotient polynomial ring is to a simple change of its ideal, we 
now consider the two cases 

Q, = C[x,y]/{f{x),g,{y),h{x,y)), ^=1,2 (B.5) 

where 

f[x) = x^-l, gi{y) = y^-l, g2{y) = y^-y, h{x,y) = xy - y'^ (B.6) 
In Qi, we have 

= {x + y)h{x,y) = {x^y - xy'^) + {xy^ - y^) = y-1 (B.7) 
from which it follows that 

= xh{x,y) = x^y — xy'^ = 1 — x (B.8) 

and hence 

Qi ~ C (B.9) 

In Q2, on the other hand, (x -|- y)h{x, y) = is trivially satisfied, and Q2 has four linearly independent 
generators which we can choose as 1, x, y and xy. This pair of examples also demonstrates that counting 
the number of linearly independent generators, which is of interest to us, can be a delicate business. 
Even though gi{y) and 52 (y) have the common factor y — 1, this analysis furthermore illustrates that 
care has to be exercised when considering situations like the left-hand side of ()B.4p if gi f fi for some 
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C W-extended fusion algebra Out[WjCA4{p,p')] 

Here, we summarize the fusion rules, obtained in [15], underlying the fusion algebra Out[W CA4{p, p')] 
as given in (j3.15p . The fusion of two W-indecomposable rank-1 representations is given by 

p-l p'~\p'~~s~s'\-l s+s'-p'-l 

a j=\s-s'\+l,hj 2 P 

r— 1 s— 1 

{Kp,s)y^^{r,K'p)y^ = 0{0(KpVp')w} 

a (3 

p' — l p—\p~r~r'\~l r+r'—p—l 

{r,np')^^{r\n'p')^ = 0{ (7e°;f,.,,),,)w ® i^^t.'p')^^} (CI) 

P j=|r-r'H-l,by 2 « 

The fusion of a W-indecomposable rank-1 representation with a W-indecomposable rank-2 representa- 
tion is given by 

j=|s-s'|+l, by 2 a a 
s+s'— p' — 1 p— a— 1 a— I 

® © {®mt.y)w®®mti2..')p')w] 

f3 a a 

r-1 p'-\p'-s-b\~l s-b-1 b+s-p'-l 

•s)w'^(^r,t'p')w = ©{ © (^Kp^K'p')w ® © 2(^°p'^«.y)w © © '^i'^K'p,{2K')p'')yv} 

a /3=|6-s|+l, by 2 /3 /3 

(r, kpOw © (K'p, Jw = ©{'''©' (K;iv)w©'®V";^v)w©^® 2(7^^;^,.,,)^^ 

/3 a=|a-r|+l, by 2 a a 

p-\p-r-r'\-l p'-b-l 6-1 

(r,Kp')w® ("^r^K'pOw = © { © 2(^i,'f«:-K')p')vV © ©2('^°'f2-K-K')p')w} 

j=|r-r'|+l, by 2 /3 /3 

r+r'—p—l p'—b—l 6—1 

© © { ®^iKp%')w®®m:f,^2..nM (C.2) 

a /3 /3 
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The fusion of a W-indecomposable rank-1 representation with a W-indecomposable rank-3 representa- 
tion is given by 

p-a-l p'-|p'-s-6|-l s-b-l b+s-p'-l 

{kp, s)^ ® (7^;Jy )w = { m:f,.'p')w ® ^iKf,.y)w ® 4(7^ 

Kp, 

a /3=|6-s|+l, by 2 8 

a /3=|6-s|+l, by 2 /3 /3 

p'—b—l p—\p—r—a\-~l r—a—1 a+r—p—1 

/3 a=|a-r|+l, by 2 « a 

fe-1 p-\p-r-a\-l r-a-1 a+r-p-l 

® 0{ ^(.Kp%■.')p')^^^ ® 04(K;S2-«').')>v © ^iKp^'p')^^^} 

13 a=\a-r\+l, by 2 a a 

(C.3) 
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The fusion of two W-indecomposable rank-2 representations is given by 

p' — \p' —s—s'\ — l p—\a—a'\ — l |p— a— a'| — 1 

i'K:p,s)w ® iTK'p,s')w = ® { ® '^('^'(K^K')p,j)w ® ® '^('^'(K^K')p,j)yv 

j=\s-s'\+l, by 2 a a 

p—\p—a—a'\ — l \a—a'\ — l 

® © m^f...')p,J)^^® © m^l..^)p,j)w} 

a a 
s+s'—p' — l p—\a—a'\ — l \p—a—a'\ — l 



© { © m:f,.^p>)w® © 2(7^ 

kp,k'p' 

la a 
p—\p—a—a'\ — l \a—a'\—l 

© ^ '^(^Kp,i2-K')p')w ® © '^i'^K'p,i2-K')p'^w} 



p—\p—r—a\ — l p' — \p' —s—b\ — l 

(^Kp,s)w (^r,K'p')w = © { © (^kpC^v)w} 

a=|a-r|+l, by 2 /3=|6-s|+l, by 2 

p-|p-r-a[-l s-fe-1 p'— |p'-s-&|— 1 r-a-1 

® © { © ^'^''^kpa'p'^w} ® © { © ^^^KpXpOw} 

a=|a-r|+l,by 2 /3 /3=|b-s|+l, by 2 a 

r— a— 1 s-6— 1 a+r-p-1 b+s-p'-l 

© © { © m:piy)w} ® © { © m:f,.y)w} 

a 13 a 13 

a+r-p—1 p' — \p'—s—b\-l 1 

® © { © ^(2-k')p')w® © ^(^kp^(2-k')p'^w} 

a /3=|6-s|+l, by 2 /3 

6+s-p'-l p-\p-r-a\-l r-a-1 

® © { © 2(7^- 

/3 o=|a-r|+l, by 2 /3 

p-|p-r-r'|-l p'-\b-b'\-l \p'-b-b'\-l 

r,Kp' 'y^ r' ,k'p' © { © 2(7^° 

j=\r-r'\+l, by 2 /3 /? 

p'-|p'-fe-6'[-l |6-fe'[-l 

© 2(7^°'['2.K.K')^)')>v ® © ^CT^^p-K-K'y^w} 

r+r'-p-l p'-|b-6'|-l |p'-6-6'|-l 

® © { © ^(Kf,.v)yv® © 2(7^^;^,^,)>v 

a /3 13 

p'-\p'-b-b'\-l \b-b'\-l 

® © 

/3 /3 
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The fusion of a W-indecomposable rank-2 representation with a W-indecomposable rank-3 representa- 
tion is given by 

p'-\p'-s-b'\-l p-\a-a'\-l |p-a-a'|-l 

/3=|6'-s|+l, by 2 a o 

s-b'-l p-\a-a'\-l \p-a-a'\-l 

pa a 
b'+s-p'-l p-\p-a-a'\-l \a-a'\-l 

® © { © 4(K;;^,^,)w© © <Kpi'p')w} 

pa a 
p'-\p'-s-b'\-l p-\p-a-a'\-l \a-a'\-l 

^=|6'-s|+l, by 2 a a 

s-b'-l p-\p-a-a'\-l \a-a'\-l 

pa a 
b'+s-p'-l p-\a-a'\-l \p-a-a'\-l 

® © { © ^iKp%..')p')w® © <Kp%..')p')w} 

pa a 
p-\p-r-a'\-l p'-\b-b'\-l \p'-b-b'\-l 

a=|a'-r|+l, by 2 /3 /3 

r-a'-l \p'-b-b'\-l 

® © { © ^(''^kpaV^w ® © ^(^«pXp')w} 

a'+r-p-l p'-\p'-b-b'\-l \b-b'\-l 

® © { © <Kpi'p')w® © <Kpi'p')w} 

a p p 

p-\p-r-a'\-l p'-\p'-b-b'\-l \b-b'\-l 

© © { © ^(K 

,{2-K')p'^y^ ® © 2(^kp'^(2-k')p'''w} 
a=|a'-r|+l, by 2 /3 /? 

r-a'-l p'-\p'-b-b'\~l \b-b'\-l 

© © { © 

a p p 

a'+r-p-l p'-\b-b'\-l |p'-6-6'|-l 

® © { © ^iKp%..')p')w® © <Kp%..')p')w} (C.5) 

a P P 
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Finally, the fusion of two W-indecomposable rank-3 representations is given by 

p— |a— a'| — 1 p' — 16— — 1 |p— a— a'| — 1 \p'—b—b'\ — l 

a (3 a f3 

p-\a-a'\-l \p'-b-b'\~l \p-a-a'\-l p'-\b-b'\-l 

® { 4(7^^;^,,,)w} ® { ^iKp%')w} 

a f3 a f3 

p-\p-a-a'\-l p'-\p'-b-b'\-l \a-a'\-l \b-b'\-l 

® { ^iKp%')w} ® { MKp%')w} 

a f3 a 13 

p-\p-a-a'\-l \b-b'\-l \a-a'\~l p' -\p' -b-b' \-l 

® { 4«;iy)w} ® { ^{Kp'.y)w} 

a 13 a 13 

p-\a-a'\-l p'-\p'~b-b'\-l \b-b'\-l 

® { 4(7^^(2.«'y)w® 4(^:^^2..Op')i^} 

a f3 (3 

\p-a-a'\-l p'-\p'-b-b'\-l \b-b'\-l 

® { 

a /3 13 

p' — \b—b'\ — l p— |p— a— a'| — 1 |a— a'| — 1 

® { ^iKl 

pa a 
\p'-b-b'\-l p-|p-a-a'|-l \a-a'\-l 

® { 4(7^^;^2.«'y)w® 4(7e:f(2..op')w} (C-6) 

f3 a a 
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